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I. INTRODUCTION 
Many changes in the production and marketing of corn in 
Iowa have occurred in the past 20 years. The increased 
production of corn, the development and extension of mechanized 
methods of harvesting and the increased use of trucks for 
transporting grain have affected significantly the character 
of market structures and marketing practices for corn. 
Furthermore, rapid accumulation of corn stocks in recent 
years has accentuated the problem of providing sufficient 
storage space for reserve stocks which are carried for 
increasing periods of time beyond the initial marketing years. 
The increasing demand for corn storage space has caused 
a rapid expansion of off-farm storage facilities. Increasing­
ly larger stocks of corn have been stored at country elevators 
and Commodity Credit Corporation (CCC) bin sites in the 
production area. Decisions relative to the location, 
capacity and type of new grain storage facilities are being 
made currently and likely will continue to be made over the 
years to come. 
The demand for corn storage services is essentially a 
derived demand in that the demand for these services is 
dependent upon the demand for corn. Except for governmental 
policy, the storage services for corn will be in demand only 
when the anticipated value of the stored product is greater 
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than the present value of the grain by an amount greater than 
the cost of storing over the relevant time period. 
The characteristic features of a derived demand for corn 
storage services become apparent upon examination of the basic 
nature of production and consumption of the grain. Neither 
the production nor the consumption of corn is a timeless 
process. Corn is produced seasonally and is subject to both 
short-run and secular variations in volume of production. On 
the other hand, consumption of corn and corn products is 
continuous over time. 
While the basic demand for corn storage services through­
out the marketing system is related to the nature of grain 
production and consumption, the specific demand for corn 
storage services is more directly affected by the cost of 
specific marketing services by the nature of corn movements, 
by other types of corn marketing activities such as assembling, 
processing and distributing of corn, by the relationships 
which exist between the various types of corn marketing 
institutions and by governmental price support programs. 
The first year after harvest corn stocks normally are 
stored on the farm, where drying (natural or artificial) 
takes place. In the second year after harvest, only a 
relatively small portion of the reserve stocks of corn moves 
out of the local area of production because a large percent 
of the corn is utilized as feed to livestock on or near the 
3 
farm where it was raised. Practically all of the corn 
(approximately 98 percent), therefore, is stored on the farm 
or at nearby CCC bin sites and country elevators» In 1961, 
31 percent of the United States carryover was stored in CCC 
bin sites and 39 percent of the carryover was stored in 
country elevators (Figure l).* 
Need for Storage Cost Research 
The great expansion of reserve stocks of corn and changes 
in marketing patterns resulting from the price support program, 
together with technological changes in production, utilization 
and handling of grain, justify a re-examination of storage 
costs. Many studies have been made on cost of the storage of 
grain with the objective in mind of aiding the farmer in 
making the decision whether he should store on the farm or 
2 in public warehouses. However, relatively little research 
has been conducted pertaining to the cost of storage of corn 
with the objective of aiding the country elevator managers 
•'•The reader who wishes to examine these values more 
closely should refer to Tables 17 and 18 in the Appendix. 
^Hall, Thomas £., Hemphill, Perry V., Meyer, Charles H. 
and Davis, Walter K. Where and how much cash grain storage 
for North Dakota farmers. U. S. Dept. Agri. Farm Credit 
Admn. Bui. 61. 1951» Ballow, Edward B. Margins and costs 
in cooperative grain marketing in Kansas. U. S. Dept. Agri. 
Farm Credit Admn. Bui. 66. 1951; Hall, Thomas E. Changing 
grain storage costs—farm vs. elevator. U. S. Dept. Agri. 
Farmer Coop. Serv., PCS Circular 6. 1954. 
CCC bin sites 
35 f 
Interior mill elevator / 
and warehouse / 
20 
10 
55 53 61 
Year ending October 1 
Figure 1. Percent of the total United States carry-over of corn stocks stored 
in CCC bin sites, and interior mills, elevators and warehouses, 
1943-1961 
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and Agricultural Stabilization Committee (ASC) personnel in 
planning off-farm storage operations. Yet, because of the 
important position of country elevators and CCC bin sites in 
the grain storage pattern, adequate, efficient and strategi­
cally located elevators and bin sites are essential to 
orderly and efficient storage of reserve stocks of corn. 
Storage services provided at country elevators and CCC bin 
sites constitute an important part of the total storage 
facilities in the United States. 
The policy of holding large reserve stocks of corn for 
long periods of time has caused country elevators to put 
increased emphasis on long-term storage facilities. At times 
of peak demand for grain storage space during and immediately 
following the corn shelling period, producers are dependent 
upon adequate and conveniently located country elevator and 
CCC bin site storage facilities to take the surplus stocks of 
corn. In recent years the problem of moving off farms the 
huge volume of corn during and immediately following the corn 
shelling season has been complicated by boxcar shortages. An 
adequate and strategically located system of country elevators 
and CCC bin sites can help to alleviate these problems. 
From the standpoint of government agencies faced with 
the problem of storing corn, the optimum economic allocation 
of these given stocks of corn between geographic regions or 
between types of storage structures within any given region 
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can be made only if factual data are available which are 
pertinent to the decision-making problem at hand. Costs of 
storage services at the country elevator and the CCC bin 
sites need to be known if such decisions are to be rationally 
made. In the past, however, relatively little factual data 
has been available regarding the cost of storage of grain at 
any of the commercial storage locations, either country 
elevator, CCC bin site, terminal elevators or wholesale grain 
processors. 
It is essential that location and storage capacity of 
different types of grain marketing plants be specified in 
order for governmental agencies to allocate stocks of grain 
between such plants in a manner consistent with the criteria 
of economic efficiency, but it is equally important to consider 
the cost of storage services at these different facilities. 
Given the objective of profit maximization on the part of 
entrepreneurs operating country elevators, the storage of 
corn would be undertaken at certain plants only when such 
action is consistent with the profit-maximizing objectives. 
Conceivably, it would be possible for the performance of the 
objectives of the government agencies to be in conflict with 
the economic objectives of the entrepreneurs operating country 
elevators. For example, it may happen that entrepreneurs of 
grain marketing plants are unwilling to store grain for 
relatively long periods of time when the economic horizon of 
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such entrepreneurs is short because of the uncertainty of 
future events, capital rationing, risk aversion, or more 
attractive returns on capital in another type of production 
activity. When the governmental agency requires long-term 
storage services, it resorts to provisions of special 
economic incentives such as a guarantee occupancy of storage 
facilities or storage rates higher than competitive rates to 
secure storage space at such plants. Recently, costs of 
elevator storage of reserve stocks of grain have been required 
in the negotiation of CCC storage rates to be paid to ware­
housemen. 
Cost-output analysis is a tool that can be used to help 
management make better planning decisions and to do a better 
job of controlling the operation of their businesses. When 
managers of grain storage facilities are confronted with 
problems such as planning capital expenditures, selecting the 
size of storage plant, determining the type of plant, control­
ling cost, where cost and profit play an important role in 
final decision, cost studies have been extremely useful to 
management. 
Under the present policy storage rates are set by a 
process of "advanced higgling"1 between the government and 
3-Wïles, P. J. D. Price, cost and output. Oxford, Basil 
Blackwell. 1956. According to Wiles, "advance higgle means 
that type of transaction in which two or sometimes more, great 
modern organizations, with all sources of filing systems, fact 
finding subcommittees, etc., decide upon the price of some 
product or service passing between them. 
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organizations of grain handling firms. Therefore, once the 
price is established the storage firms become price takers. 
Entrepreneurial price and output policy in this sector becomes 
quite simple, There is no price policy except to guess the 
most probable future date of negotiating a new price. Since 
output policy thus is closely based on profit maximization, 
it becomes important for managers to know their costs well 
enough to regulate output correctly. 
On the other hand it is important that the government 
negotiators know the storage cost-output relationship to 
establish storage rates that attract just the right amount 
of services. The results of setting the rates too high may 
be two-fold. First the high rates may generate excess storage 
capacity and second, the high rates may tend to encourage a 
large number of high cost plants (assuming the cost-output 
relationship is an L-shaped curve). 
To obtain satisfactory estimates of storage costs, 
information on the deterioration and shrinkage in reserve 
stocks of corn while in storage is extremely important. It 
is possible that any differences between types of facilities 
in storage costs may be more than offset by opposite differ­
ences in these two variables. The comparative costs of 
quality deterioration and shrinkage are needed, therefore, to 
make a meaningful comparison of storage costs. 
The example used above has illustrated but one of the 
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myriad of economic considerations which may affect the use 
of resources in storage of grain at country elevators and 
CCC bin siteso Resource use in the storage of corn in 
country elevators may be further affected by economic 
organization of production within the plant and structural 
relationship of plants operated by the common unit. Integra­
tion of production activities, both horizontal and vertical, 
is prominent in the grain marketing system. Individual 
country elevators may consist of several departments which 
are integrated with each other. The plant may in turn be 
integrated with other plants on the same level or at different 
levels in the corn marketing channels. If the marketing 
plant is a cooperative, it is operated by several partici­
pating firms* The resulting integration may affect the use 
of resources on members' farms as well as in the elevator 
itself. Analysis of storage operations of country elevators 
cannot be undertaken apart from such considerations. 
Problems of Statistical Estimation 
Problems of storage data assembling and adjustment may 
best be approached by reviewing what data are needed to 
estimate the cost-output relationship. Ideally a series of 
paired observations on storage costs and output are needed 
which satisfy the following conditions. 
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1. The data on storage cost and output should be properly 
paired so that the cost figure is directly associated 
with the output figure. This is part of Wiles' alloca­
tion of costs problem."*" The cost function in which the 
storage costs of one period are related to the output 
of another would ordinarily be meaningless. The lack 
of comparability may arise because of variation in 
time between the incurrence of expenses or completion 
of output and the recording of these events. 
2. The time for each pair of observations should be one 
in which the observed output was accomplished by a 
uniform rate of production within the period. With 
reference to the statistical cost function, therefore, 
it is assumed that the theoretical relations being 
approximated are either unchanged during the period 
of observation or changed in a definable and measurable 
way. If the theoretical cost function does vary during 
a period, but no correction for a particular pattern of 
change is made in the analysis, the statistical cost 
function must be an average for the period. 
3« Related to the problem just described is a second one— 
the choice of the period of observation, which arises in 
the attempt to determine an empirical counterpart to a 
pp. 98-117 
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cost function. The period should be long enough to 
permit a number of observations covering a wide variation 
of output; but it is true also that the longer the period 
the greater is the possibility of technical change 
affecting both processes and products for which existing 
statistical methods do not make adequate allowance. 
If the interpretation of statistical cost functions 
is to be clarified, both the length of the period of 
observation and the reversibility of the function require 
careful study. The reliability of the results may be 
checked by taking different periods of observation and 
comparing the effects of expanding and contracting 
output in particular periods. 
4. It is necessary to keep the experimental data 
uncontaminated by the influence of factors extraneous 
to the cost-output relationship. For example, the ideal 
situation would be to record cost observations which are 
not influenced by variations in the prices paid for 
factors of production such as labor and raw materials. 
It is not desirable, furthermore, to have different 
observations representing different states of technical 
knowledge and expertise. Instead, each firm in each 
period should have at its disposal the same stock of 
technical knowledge. It is not necessary, in the short-
run analysis, that the management of each firm be equally 
12 
efficient in utilizing existing technical knowledge, 
since random variations in efficiency between firms of 
a given capacity can be handled in the statistical 
analysis. In the long-run analysis this consideration, 
however, as will be seen below, would require a different 
treatment• 
The considerations above refer to the ideal data for 
estimating the cost-output relationship for either the short-
run situation or the long-run situation. However, the require­
ment of a wide spread of output observations is more impera­
tive in the case of long-run analysis, for it is necessary to 
have data on firms with widely different capacity limits, 
ideally ranging from very small to very large firms. This 
might be achieved by having a large number of experiment 
firms of widely differing sizes, and letting each produce at 
various rates within its capacity limit, or by having a small 
number of firms, which over various time periods assume 
different sizes. In either case the statistical observations 
should relate only to periods when the firm is fully adjusted 
to both size and rate of output. Moreover, it is vital that 
cost variations, due to factor price changes, should not 
appear in the data. 
With storage data that satisfies the above requirements, 
it would be a comparatively simple task to estimate the cost-
output relationships. Country elevators, however, do not set 
13 
their output to achieve a statistically desirable spread of 
observations in a frictionless environment, free of extraneous 
and irrelevant variables. Bather, with imperfect foresight, 
they chart a somewhat uncertain course in an attempt to 
satisfy as best they can certain continuing objectives of 
their own choosing. Thus, upon examining a large cross 
section of country elevators very few could be found with the 
same capacity. In this case, therefore, the best set of data 
for short-run analysis would be the records of given firms 
over successive periods of time during which their capacity 
had remained unchanged. Given a sufficient number of firms 
satisfying this capacity condition, there still are many 
difficulties. These data, if they are available, may be for 
unit time periods, which are not of a satisfactory length for 
purposes of a short-run analysis. Furthermore, successive 
output levels of a given storage firm may yield a very 
inadequate spread of observations, judged from the viewpoint 
of obtaining a statistically reliable and useful estimate of 
the cost-output relation. If the spread is widened by 
continuing the observations of a larger number of time periods, 
the plant capacity may be changed or other changes may occur. 
For example, new technology has spread throughout the indus­
try, government policy has changed, the attitude of manage­
ment to cost reduction changes with the change in the business 
cycle, and so on. 
14 
Adjustments for random and unpredictable changes from 
period to period need not nor can be made. These changes 
will show up in a greater "unexplained" or residual variation 
in the statistical analysis. The net effect of other changes 
that continue over time may be handled by the inclusion of 
time as an explanatory variable. This procedure is not 
satisfactory if the variations involved are important and if 
sufficient data exist to enable a more direct and flexible 
adjustment to be made. Factor prices are an example of the 
latter variations. The usual procedure is to adjust the 
observed cost data for factor price changes period by period, 
and to employ only the adjusted data in the statistical 
analysis. Two common methods of correcting for these factor 
price changes are deflation of the actual cost figures by a 
factor price index or the recalculation of the cost figures 
by applying some selected set of factor prices to the actual 
factor inputs of each period. 
It is argued that the price-adjustment procedure imparts 
a bias toward linearity in the short-run cost function. 
Johnston shows that this statistical method will 
• • . augment the statistical element inherent in 
costs and thus reduce the discriminating power of a 
given number of observations below that ideally 
obtainable, but a systematic bias is dependent upon 
particular chance correlations between price changes 
and output levels, and even then the bias may easily 
be toward curvilinearity rather than the reverse.! 
lJohnston, J. Statistical cost analysis. New York, 
McGraw-Hill Book Co. I960, p. 176.  
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The ideal range of output observations in long-run 
analysis may best be obtained from "cross section" data for 
an adequate sample of firms at some given period of time. 
This eliminates the problem of the temporal variations in 
factor prices distorting the cost-output relation. It is, 
however, subject to the effects of spatial variations in 
factor prices. If the industry is one subject to rapid 
changes in technology, more substantial variations in cost 
are probably due to the fact that cross section data for a 
given year, say, will show each firm at a different point 
on its evolutionary path. The various installations of 
fixed plant and equipment will reflect the technologies and 
ideas of various years in the past and may often yield a poor 
approximation to the current long-run curve, which would 
picture the best results achievable at various scales of out­
put, given the current state of technology. This problem may 
be taken care of by limiting the sample to plants built with­
in a limited but representative period of time. If the 
changes in technology were uniformly rapid for all size 
groups and if age of equipment were randomly distributed 
with respect to size, various ages of plant and equipment 
in a cross section survey would produce discrepancies about 
the true cost-scale line but would not essentially distort 
it. If, on the other hand, the smaller plants were on the 
average much older than the larger plants and if technical 
16 
progress were concentrated at the upper end of the size scale, 
then the cross section survey would overstate the economies 
of scale. In summary, there are many possibilities of distor­
tion and bias that arise from the inadequacies of the data. 
Objectives of the Study 
The central objective of this thesis is to explore 
and to extend the results of a statistical cost analysis of 
the operation of storage facilities at the Iowa country 
elevators. 
The specific objectives are as followss 
1. To review critically the theory, models and data used 
in statistical cost analysis of grain storage operations. 
2. To reformulate in a very modest way certain aspects of 
economic theory, empirical models and data adjustment 
and processing procedures that provide thereby more 
useful estimates of grain storage costs (by inclusion 
of capacity and management variables in the estimating 
function). 
3» To empirically test selected economic models and to 
re-evaluate the related theory. 
4. To make useful the empirical relationships between costs 
and specified explanatory factors for decision-making 
purposes in the grain economy. 
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II. REVIEW OF LITERATURE ON STATISTICAL COST ANALYSIS 
Numerous studies have been made of the costs of operating 
various storage plants for stated periods of time, usually a 
season or a year. For reasons of both time and space, how­
ever, it cannot be claimed that this summary is completely 
comprehensive, but an attempt has been made to report on the 
major results that have been published in the last 20 years. 
Attention is centered mainly on the use of statistical cost 
analysis to estimate the cost-output relationships for storage 
firms. 
Feed Mill Costs (I) 
In an early study, Rickey estimated the long-run average 
cost of operation of 26 cooperative feed mills.^ It should 
be noted that the Rickey study includes average costs for 
plants and firms in various size groups with only a freehand 
line fitted to the data. This graphic analysis indicates 
that the long-run average cost falls quickly at small volume 
and thereafter approximates a horizontal straight line. 
The author presents the individual operating statements 
^Rickey, Lacey F. Operating costs of selected 
cooperative feed mills and distributors. U. S. Dept. Agri. 
Farm Credit Admn. Bui. $6, 1949. 
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for each of the mills studied, largely as set up by the mills. 
However, some adjustments were made and certain items combined 
in order to make them as nearly comparable as possible. 
Depreciation costs were adjusted by charging straight-
line depreciation at 5 percent on the cost of buildings and 
10 percent on machinery and equipment. Seven percent of the 
total cost of land, buildings and equipment was added to 
cover interest, taxes, insurance and similar items. These 
adjustments were not adequate, however, to take care of the 
differences in plant cost arising from differences in the 
year of purchase. 
Other adjustments pertained to the omission from 
operating expenses other interest, bad debts, gain or loss on 
sale of capital assets, trucking of grain from the farms, 
sales tax and feed tonnage tax. These adjustments were 
intended to increase the comparability of the statements. 
In cases where there were multi-enterprise firms and 
separate records were maintained, all expenses of other 
enterprises were excluded. In firms that did not keep these 
expenses separate, the general operating statement was taken 
and then to arrive at the net cost of the feed operation, 
total expenses were credited with 15 percent of the sales of 
other supplies. 
The operating expenses were adjusted for the tonnage of 
feeds that was merely handled through the warehouse and sold 
19 
to members in the same bag. No attempt was made to measure 
or adjust the data for the level of management. 
The Rickey study was based on the operating expenses 
for fiscal years ending in 1948, a period characterized by a 
heavy demand for feeds in 1947 and a somewhat slackened demand 
early in 1948 when livestock-feed ratios had become unfavor­
able to feeders. Inventory losses caused from sharp breaks 
in grain and other ingredient prices occurring in February, 
1948 and later were not shown separately from operational 
gains or losses. The operating statements in the report 
show merely the overall savings. Operating expenses were, 
of course, affected indirectly and it is with them that the 
report is primarily concerned. 
Corn Storage Costs 
The study of costs of storing reserve stocks of corn in 
Iowa is another example of the statistical cost analysis 
technique.1 
The objective of this study was to measure and 
compare the costs of storing corn in alternative 
locations and types of structures. The problem was 
one of measuring storage costs in existing plants 
^Dachtler, William C., McDonald, Eileen M., Phillips, 
Richard and Harrington, David N. Costs of storing reserve 
stocks of corn in country elevators, at bin sites, and on 
farms. U. S. Dept. Agri. Agri. Mkt. Serv. Mkt. Res. Rpt. 
93. 1955-
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rather than one of minimizing costs or maximizing storage 
income within the plants. The data collected included 
information on volume and costs but not on profits or 
margins. Consequently, the study provides no basis for 
a comparison of the marginal productivity of resources 
allocated to the storage operation or to other depart­
ments within the elevator plants studied. It was not 
designed to do so. Total and average storage costs 
are assumed to be continuous functions of plant volume 
which are not constant over the entire volume range. 
Therefore, this study was directed toward the descrip­
tion of the shape as well as the level of cost curves 
associated with the storage function. 
As was expected, most of the variation in storage 
cost was found to be associated with variation in the 
quantity of grain stored, the size and the degree of 
utilization of storage capacity, and the average length 
of storage.1 
The limiting of the elevator sample to facilities that 
had been constructed since 1946 was an attempt to reduce the 
variation due to different technology. However, there was 
no attempt to measure or control management. 
For this analysis, the estimating equation was stated 
in terms of total annual storage cost (Y) as a function of 
the following variables: (l) average inventory of grain in 
storages in bushels (X^), (2) bushels of unused storage 
capacity (Xg), (3) bushels put into storage during the year 
(X^) and (4) bushels taken out of storage during the year 
(X/j,). The general function for storage costs at both the 
elevator and bin sites was: 
(2-i) y = p-jX^8 + e2x2 + p3x3 + p4x4 
3-Ibid.. p. 1. 
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The properties of the X2 variable are of interest from 
the point of view of this paper. The entry of the capacity 
variable in the estimating function tends to take care of 
the problem of the sample plants operating at some level less 
than optimum (full capacity) position on their short-run cost 
curves. 
The estimated parameters1 for the elevator regression 
equation were: 
(2-2) Y = .165 Xi8 + .062 X2 + .022 X^ + .035 X4 • R2 
(.005)** (.009)** (.011) (.008)** 
= .988 
All of the partial regression coefficients were 
significant at the 1 percent level except by 
The regression equation for the unadjusted CGC bin site 
storage costs was: 
(2-3) Y = .577 X{8 + .016 X2 + .076 X« + .015 X4 : R2 
(.139)** (.014) ( .038) ( .025) 
= .99 
^The numbers in the parentheses below the partial 
regression coefficients are their standard errors. The two 
asterisks indicate that the related partial regression 
coefficient is significant to the 1 percent level. 
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The coefficient of determination indicates that this 
multiple regression equation "explains" 98 percent of the 
variation in total storage cost. 
The adjusted^ bin site storage cost was estimated by 
the following equation: 
(2-4) Y = .755 X{8 + .021 X2 + .085 X^ + .011 X4 : H2 
(.139)** (.014) (.038) (.025) 
= .99 
The coefficient of determination indicates that 99 
percent of the variation in total storage cost is associated 
with variation in the four independent variables. 
The allocation problem was solved by (l) charging cost 
items directly traceable to grain storage and (2) allocating 
joint costs on the basis of the manager's estimate of the 
relative usage for grain storage. 
All elevators were charged 5 percent interest on the 
depreciated value of buildings and equipment. This was done 
to make expenses of the various elevators comparable whether 
^Dachtler pl.. #&. cit.. p. 59 state: "An adjusted 
cost figure obtained by computing costs for insurance and 
taxes and adding them to expenses incurred in the storage of 
corn at bin sites as reported in Government accounting records. 
Since Government agencies do not pay taxes or insurance, this 
adjustment was made so that costs of storage at bin sites and 
costs which would be borne by private enterprise engaged in 
the same type of storage would be comparable." 
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or not they operated on borrowed capital. 
Wheat Storage Costs 
Statistical analysis of the costs of storing wheat in 
Kansas— companion to the study above—was done using cross-
s e c t i o n  c o s t  d a t a  f r o m  2 2  c o u n t r y  e l e v a t o r s  f o r  1 9 5 1 T h e  
same variables were used in this estimating equation as in 
the Iowa study, thusly: 
(2-5) Y = 2486.34 + .085 X1 - .052? X2 - .009 X3 
(.013)** (.015)** (.008) 
- .006 X4 
(.006) 
The partial regression coefficients for X^ and X2 were 
found to be significant at the 1 percent level. While the 
partial regression coefficients for X3 and X^ were found to 
be significant at the 25 and 30 percent levels, respectively. 
The coefficients for X3 and X^ were found to be non­
significant by the reduction in sum of squares test, also. 
1McDonald, Eileen M. and McCoy, John H. Costs of 
storing reserve stocks of wheat at country elevators and on 
farms in Kansas. U. S. Dept. Agri. Agri. Mkt. Serv. Mkt. 
Bes. Spt. 124. 1956. 
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Consequently, variables X^ and X^ were dropped from the 
estimating equation. 
The new estimating function of the cost-volume and 
capacity relationship was: 
(2-6) Y = 1940.7 + .067 Xx -  .037 X2 : R2 = .846 
(.009)** (.014)* 
The coefficient of determination indicated that 84.6 percent 
of the variation in total costs of storage was associated 
with variation in the two independent variables used in 
Equation 2-6. The partial regression coefficient for X% was 
significant to the 1 percent level and the coefficient for X2 
was significant to the 5 percent level. 
Estimates of average cost were obtained by dividing 
total cost, as estimated with Equation 2-6, by actual number 
of bushels stored. The resulting function was: 
1940.70 + .0674 X-l - .0378 X2 
(2-7) ïac 
The McDonald study estimates the short-run average cost 
curves with Equation 2-7 by holding the capacity constant and 
varying the unused capacity (X2). This gave a series of L-
shaped curves. The long-run average cost curve was obtained 
from Equation 2-7 by holding unused capacity constant and 
varying the volume stored (X%). 
25 
The interesting feature of this study, like the corn 
storage study above, is the use of the unused capacity 
variable. The second point of interest is that the estimating 
equation gives a decreasing average cost curve and a constant 
marginal cost curve. 
Feed Mill Costs (II) 
In a study of operating costs of 98 feed mills, Brensike 
uses a simple regression equation to estimate the cost-volume 
relationship.1 The report does not show the parameters of 
the equation, but the scatter of the observed cost-volume 
data with the line of average relationship superimposed 
indicates a reasonably good fit. 
The Brensike study also presents a line of average 
relationship between wages and salaries for production and 
volume of feed mixed in 95 plants. This line showing the 
influence of volume of feed mixed on wage and salary cost of 
production has a coefficient of determination of O.63. It 
is unfortunate that Brensike did not see fit to use unused 
capacity as a second independent variable in his cost 
functions. 
1Brensike, V. John and Askew, William R. Costs of 
operating selected feed mills as influenced by volume, serv­
ices and other factors. U. S. Dept. Agri. Agri. Mkt. Serv. 
Mkt. Res. Rpt. 79. 1955* 
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Phillips used the accounting data for 29 of the above 
feed plants in a study.^ This analysis is unique in that the 
unused capacity was used in the estimating function. The 
models used in this analysis were: 
(2-8) Y = B-jX^ + B2X2 
(2-9) Y = B1X{7 + B2X2 
(2-10) Y = B1X{8 + B2X2 
(2-11) Y = B-jX*9 + B2X2 
where Y is the total annual feed mixing cost; X^ is the annual 
volume of feed mixed and X2 is the unused mixing capacity on 
an annual basis. Equations 2-8 and 2-9 were discarded because 
they provided a smaller R2 for each of the four functions. 
Parameters for Equations 2-10 and 2-11 estimated by the 
method of least squares were: 
(2-12) Y = 70.04 X[Q + 0.301 X2 : R2 = 0.979 
(2-13) Y = 22.702 X{9 + 0.30 X : R2 = 0.986 
As is indicated by the coefficients of determination, 
the percent of variance "explained" by these equations with 
-^-Phillips, Richard. Empirical estimates of cost 
functions for mixed feed mills in the Midwest. U. S. Dept. 
Agri. Agri. Mkt. Serv. Agri. Econ. Res. 8: 1-8. 1956» 
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the variable (Xg) added is 97»9 and 98.6, respectively, as 
compared with 63 in the Brensike study. Phillips' justifica­
tion for the use of the unused capacity variable (Xg) was as 
follows; 
. . . A simple regression of cost on output does not 
provide an appropriate estimate of the long-run total 
and average cost functions when the plants studied 
operate at various points on their short-run average 
cost functions. When actual plant capacity can be 
measured realistically, the introduction of capacity 
variable into the model provides one means of adjusting 
for variations in short-run output. 
The nature of the relationship between cost and the 
capacity variable specifies the characteristics of the 
family of short-run average total-cost functions for 
the plants studied. As each plant is observed at only 
one point on its short-run curve, selection of the 
model is somewhat arbitrary in this respect. . . -1 
The first of a series of three articles on techniques of 
cost studies is of interest here because of its application 
of the statistical cost analysis techniques to identical data 
used by Phillips in the article above.2 This work examines 
the stability of the estimated cost curves obtained by fitting 
alternative models to a single set of cross-section data from 
25 feed mills. 
The authors applied seven different general models to 
the feed mill data. In spite of major differences in form 
and in the magnitude of computed parameters, all equations 
3-Ibifl.. p. 8. 
2Stollsteimer, J. F., Bressler, R. G. and Boles, J. N. 
Cost functions from cross-section data—fact or fantasy? U. 
S. Dept. Agri. Econ. Res. Serv. Agr. Econ. Res. 13: 79-88. 
1961. 
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"accounted for" a substantial part of the variance in annual 
costs for this sample of feed mills—all coefficients of 
multiple determinations were higher than 0,90 as shown in 
Table 1. Furthermore, all of the volume (V) regression 
coefficients were highly significant (l percent level) while 
most of the capacity (K) coefficients were significant (5 
percent level). The variables used in the equations in 
Table 1 were as follows : 
V is the total annual volume in tons of feed mixed; 
K is the annual capacity in tons of feed mixed; and 
C is the total annual costs for each plant. 
The authors were concerned because all equations from 
Models 1 and 2 with n-values (exponents of the V variable) of 
less than 1.0 involved decreasing marginal costs. These 
equations also indicate that total costs reach maximum values 
and then decline, however, these points occur well beyond the 
range of actual volumes and capacities. 
In spite of the logical limitations above and others 
mentioned by the authors, there is an implication of almost 
equal statistical acceptability for the above equations 
because of the uniformly high coefficients of correlation. 
The several models, however, yield widely differing estimates 
of the short- and long-run functions. They were quite a set 
of heterogeneous relationships, both with respect to the 
indicated levels of average costs and the rates at which 
29 
Table 1. Alternative cost equations derived from identical 
annual data on total costs, plant volume, and plant 
capacity, 29 midwestern feed mills8. 
Model Total cost equation*3 Coefficient of 
correlation 
la C = 1607.58V0*5 + o,73287(K-V) 0.9211 
(6.84)oo (2.25 )0  
lb C = 208.98V0,? + 0.36436(K-V) 0.9695 
(12.55 )00  (1.73) 
le C = 70.042V008 + 0.30140(K-V) 0.9820 
(l6.80)oo (1.86) 
Id C = 22.702V0 , 9  + 0.30001(K-V) O.9876 
(20.53)oo (2.25)o 
le C = 7.178V1,0 + 0.34208(K-V) 0.9879 
(20.79)oo (2.63 )0  
aStollsteimer et al., or. £i£»» P» 84. 
bIn all equations, C represents total mill costs in 
dollars per year, V represents annual mill volume in tons, 
and K represents computed annual mill capacity in tons. 
Figures in parentheses are "t" ratios: 0 indicates 
significance at the 5 percent level, while 00 indicates 
significance at the 1 percent level. 
30 
Table 1 (Continued) 
Model Total cost equation*3 Coefficient of 
correlation 
If C = 2.229V1,1 + 0.41178(K-V) 0.9843 
(l8.10)oo (2.83)o 
2a C = -124122 + 2279.41V0»5 + 0.6177(K-V) 0.9571 
(9.98)oo (2.53 )0  
0  7  
2b C = -55423 + 231.57V " + 0.4205(K-V) 0.9791 
(15.13)OO (2.39 )0  
2c C = -29863 + 73.114V0,8 + 0.3612(K-V) 0.9850 
(I8.09)oo (2.40)o 
2d C = -8281 + 22.905V0*9 + 0.324l(K-V) 0.9878 
(20.26)oo (2.38 )0  
3a C = 10018 + 6.8193V + 0.305IK 0.9883 
(I5.05)oo (2.27 )0  
3b C = -2567 + 7.1346V + 0.4638K - 0.9893 
(l4.58)oo (2.76 )0  
0.00000197VK 
(1.51) 
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Table 1 (Continued) 
Model Total cost equation*3 Coefficient of 
correlation 
3c C = 7.1080V + 0.4458K - 0.00000182VK 
(15.16)OO (3.22)o (1.75) 
0.9892 
3d C = 5799 + 6.5445V + O.2578K + 
(6.22)oo (0.43) 
0.00000083K2 + 0.00000365VK -
(O.32) (0.61) 
0.9897 
0.000000000012VK2 
(0.73) 
4a C = 0.004122x1*4 + 109.3V/(K°*27 - 6.01) 0.9670 
average costs change with increases in scale. 
The authors offer two explanations of the completely 
different results as follows: 
1 .  . . .  I n  p a r t ,  t h i s  s i t u a t i o n  c a n  b e  e x p l a i n e d  b y  t h e  
fact that changes in equation form were accompanied by 
compensating changes in the regression coefficients of 
the independent variables. For example, in the fitted 
equations for Model 1, there is a systematic inverse 
relationship between the exponent and multiplier of the 
volume variable. The changes in the estimated slopes 
of the regression surface which accompany changes in 
equation form apparently take place in such a way that 
each of the alternative models fit the observed cost-
volume points quite well. However, when these alterna-
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tive slopes are projected to the long-run situation, 
the alternative models yield quite different results. 
The need for caution in projecting the results of any 
regression analysis is well recognized. However, use 
of cross-section data to estimate long-run costs will 
almost invariably involve some form of projection as 
firms are normally observed at some intermediate point 
on their short-run cost curves. 
2. An inherent problem in projecting the results of any 
regression analysis is the lack of certainty that the 
true slopes of the regression surface have been detected. 
This lack of certainty prevails even when high multiple 
correlation coefficients are obtained if the independent 
variables are highly correlated with one another. In 
this analysis, the correlation between K and V was 0.856. 
Intercorrelation not only affects the reliability of the 
regression coefficients of a given equation but also 
permits regression surfaces with widely differing slopes 
in some directions to exhibit uniformly high multiple 
correlation coefficients.! 
The authors might have gone one step further to indicate 
that some of the dispersion in the average cost curves may be 
explained by the use of the total cost function to estimate 
the parameters. In so doing the sum of squares about the 
total cost curves are minimized and not those about the 
average cost curves. 
Livestock Auction Market Costs 
A study concerned with the estimation of actual cost 
relationships from a sample of 29 Oklahoma livestock auctions 
uses the statistical cost analysis technique to estimate a 
Istollsteimer et al., OP. £i£., pp. 85-86 
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long-run cost function.1 This study suggests that a simple 
model of operating costs and volume provides an approximate 
estimate of the long-run average cost function only when 
plant size and output are perfectly correlated. This type 
of analysis can estimate the long-run average cost function 
only when each plant studied is observed at a point on its 
short-run function that is tangent to the long-run average 
cost function. 
This study suggested one alternative method of overcoming 
this restriction would be to adjust the cost data for each 
plant to correspond to a full utilization of plant capacity. 
. . .  A  s i m p l e  m o d e l  c o n n e c t i n g  c o s t s  a n d  v o l u m e  m i g h t  
then provide an estimate of the long-run average cost 
function that passes through the low point on the 
short-run plant average cost function. This procedure, 
however, requires an accurate separation of costs and 
thus introduces a large amount of subjectivity into the 
data to be used»2 
To surmount the above difficulty the authors employed a 
model with a measure of capacity utilized as a second 
independent variable. They suggested four functions as 
plausible models for the data. They are; 
(2-14) Y = a + b1X1 + b2X2 
^Lindberg, R. C. and Judge, G. G. Estimated cost 
functions for Oklahoma livestock auctions. Oklahoma Agri. 
Expt. Sta„ Bui. B-502. 1958e 
2Ibid.. p. 21. 
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(2-15) Y = b]X^ + b2X2 
(2-16) Y = b1X^7 + b2X2 
(2-17) Y = bxXÎ9 + b2X2 
where Y is the total annual cost of operating an auction; 
Xj, annual volume of animal units handled; and X2, unused 
animal unit capacity on an annual basis. It is unfortunate 
that they present the results of fitting only Equation 2-14. 
However, the authors indicated that all of the models were 
fitted and they yielded approximately the same long-run 
average cost function and the same degree of explanation of 
the variation of Y. Fitting Model 2-14 resulted in the 
following estimated equation: 
(2-18) Y = 3510.23 + 0.943X1 + 0.049X2 ;  R = 0.92 
In the estimated relationship, the coefficients connect­
ing the variables were statistically significant at or above 
the 95 percent probability level. The long-run average cost 
curve was obtained by dividing Equation 2-18 by the volume 
Xq_, setting the unused capacity (X2) equal to zero and varying 
(X^). The short-run average cost function was obtained by 
dividing Equation 2-18 by (X^), holding the capacity constant 
and varying the unused capacity (Xg) and volume (X%). Both 
the short-run and long-run functions yielded a set of L-shaped 
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cost curves» 
Summary 
In summary of the statistical studies reported in this 
section some major impressions should be noted. The first 
is that few of the studies used a measure of capacity 
variable to help take care of the less than optimum level 
of the sample plants on their short-run cost curves. The 
second is the preponderance of L-shaped patterns of long-
run average costs that emerges so frequently from the 
various long-run analyses. The third is the complete absence 
of a measure or control of management in these cost studies. 
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III. THEORETICAL FRAMEWORK FOR ANALYSIS 
The logical framework for firm cost and efficiency 
studies can be based, with some alterations, on the logical 
formulation of conventional economic theory.1 This chapter 
will present only a brief discussion necessary for evaluating 
the operations and postulating models from which relevant 
economic relationships can be estimated. 
In general, a storage firm may be defined as an 
institution which buys raw materials, transforms them in some 
manner, and then resells the new product or services with the 
purpose of making a profit from the transaction. An operating 
storage firm is faced with prices for resources it uses which 
are the cost of inputs used in the transformation process. 
Also, there is given in the market a price for the firm's 
finished service. At different levels of output and the 
accompanying necessary amounts of inputs, the storage firm 
is faced with varying cost of production and subsequent 
revenue from its sales. If profit maximization is one of its 
major goals, the firm should erect the scale of plant which 
provides the greatest divergence of revenue over cost in 
conjunction with demand for its product and the supply of its 
1Carlson, Sune. A study on the pure theory of 
production. London, P. S. King and Son, Ltd. 1939; 
Samuelson, Paul A. Foundations of economic analysis. 
Cambridge, Harvard University Press. 1953» 
37 
inputs. 
In any particular storage firm there are technical 
restrictions which control and determine the relationship 
between the inputs of productive factors and the outputs of 
products or services. These physical restrictions in grain 
storage facilities may include the arrangement of bins and 
equipment, integration of the total operations and abilities 
of the manager and hired labor. Given these restrictions, 
the productive inputs may be partitioned into: (l) those 
inputs that are a function of time and, therefore, independent 
of the volume of products or services provided and (2) those 
inputs that vary with the volume of products and services 
forthcoming. When these inputs and their prices are combined, 
a cost of production function is obtained which describes the 
relationship between cost and output for a particular firm 
and time period. The costs that arise from use of inputs in 
(l) above are conventionally called fixed costs. Costs 
incurred because of the inputs in (2) are referred to as 
variable costs. 
A hypothetical relationship of this type is represented 
in Figure 2. The total cost of producing various outputs is 
traced out by the curve BC. This total cost curve is a 
direct reflection of the physical production function under­
lying the production process. As such, it traces out first 
the area of increasing returns to factors and then constant 
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Figure 2. Hypothetical relationship between total 
cost and volume of storage service 
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returns and finally decreasing returns to factor inputs. 
An alternative type of storage cost function (e.g. 
linear) would generate alternative types of total cost curves. 
It should further be understood that alternative prices 
applied to the fixed and variable inputs would change the 
level and shape of the total cost curve. In Figure 2 total 
fixed costs are represented by OB (constant), and total 
variable costs are shown as increasing first at a decreasing 
rate and then at an increasing rate. This postulated storage 
firm, with the assumed cost function at an output of OA, would 
have a total cost of CD, with fixed cost OB and variable cost 
BD. The total cost curve for this particular plant applies 
to the optimum combinations of inputs for each particular 
output, or, in other words, the least cost combination of 
inputs for each output. Other organizations of input or 
resource mixes are possible, but by definition they are 
inferior to the optimum organization. 
Normative Exposition of the Profit Maximizing 
Grain Storage Operation 
Consider first the model of a storage firm in a perfectly 
competitive industry. This firm cannot influence the market 
price by variation in its own output. Then, as a price taker, 
it is assumed the grain storage entrepreneur will attempt to 
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maximize his short-run profits by adjusting output. The 
traditional theory is a static equilibrium one, and does not 
specify the path that the firm will trace over time. Account­
ing data, however, records such paths for discrete time 
periods. Thus by dividing the time into discrete planning 
periods, which coincide with the accounting periods, a 
production plan can be prepared for each period in the light 
of current conditions and expectations about the future. This 
model would be as follows: 
(3-1) Pt = Pt_! 
(3-2) IT = S0 + + 92X2t + ut 
(3-3) * - • Tt 
where = storage output in period t 
Xgt = unused storage capacity 
TT = total storage costs in period t 
Pt-i = market price for storage services in 
period (t-l) 
= storage price for storage services expected 
in period t 
ut & vt = disturbance terms 
This model indicates the decision made at the end of period 
(t-l) about the amount of storage services to offer in the 
forthcoming period t. Equation 3-1 indicates that the 
market price of period t-l is expected to continue through 
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t period. Equation 3-2 specifies the cost function and 
Figure 3 illustrates such a function. The disturbance term 
Uj. in the cost function suggests that costs may vary in a 
random fashion from period to period about the expected 
value. Equation 3-3 reflects the profit-maximizing decision, 
establishing the output level X^. at the point that marginal 
costs 
are equal to expected price Pt. Then the planned output is 
after adding a disturbance term vfc because the expected output 
is not likely to be achieved exactly. 
Now, consider the orthodox imperfect competition model. 
In this case assume that the firm has a forecast of the demand 
function for its product in the forthcoming period as follows: 
From Equation 3-4 the forecast for the total revenue function 
is obtained. 
(3-4) pt = e0 - h*t-
(3-5) Bt = BoXt -
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Figure 3* A cost surface for producing a single 
product or service, with both volume 
of grain stored and unused capacity 
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Assuming, for purposes of exposition, a linear total cost 
function, 
(3-6) = Po + Plxt + ut 
the profit-maximizing rule would give output as 
(3-7) X* = Po " P1 + vf 
^ 20i t 
where vt again indicates the discrepancy between actual and 
planned output. 
At the present state of the development of economics 
the principles governing entrepreneurial decisions cannot be 
pronounced with any degree of certainty. The two models 
considered above have many obvious defects. The perfect 
competition situation is of limited practical relevance in 
the grain storage industry. 
In the imperfect competition model 
The knowledge required for a solution is not necessarily 
unobtainable, though it may be of a highly sociological 
character, difficult to fit into formulae.! 
In this model it is difficult to see where variations in 
output would come from, unless the firm's demand curve was 
subject to substantial shifts. This, however, is probably 
the case, as the demand curve for grain storage services will 
be affected by many factors outside the direct control of the 
IWïles, £12,. cit.. p. 91. 
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individual firm, such as the behavior of competitors, volume 
of production, changes in governmental policies and so on. 
It seems, therefore, unlikely that storage firms in this 
situation will try to estimate the parameters of a demand 
function and base their price-output decisions, period by 
period, on such imperfectly estimated parameters. Many 
manufactured product prices do not fluctuate to the extent 
that such a model would imply. In practice another factor, 
which does not appear in this model but does appear in the 
former, bears the brunt of shaky sales forecasts, namely, 
unused capacity. A realistic model that would describe the 
storage firm's short-run decision would have to embody the 
following; 
1. Anticipated demand for grain storage services. 
2. Establishment of desired levels of unused capacity. 
3. The discrepancy between current, actual and desired 
levels of unused capacity. 
4. The rate at which such discrepancies are planned to be 
eliminated, taking into consideration such factors as 
the desirability of fairly stable employment levels, the 
costs of hiring and firing, and future demand prospects 
both for resources and storage services. 
Such a model would then give the planned output as a function 
primarily of forecasted demand, desired unused capacity and 
actual unused capacity. 
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Case of Discontinuous Functions 
The above formulations have been based on the assumption 
that the plant cost functions are continuous in the volume of 
storage services and unused capacity. However, this is likely 
to be a highly unrealistic assumption with modern industrial 
type plants. Now this assumption can be dropped and the 
resulting modifications in the above conclusions noted. 
Figure 4 suggests the general nature of the cost surface with 
discontinuities in both the volume of storage services and 
the unused capacity. The surface increases in a series of 
"steps" in the volume of storage and also shows a discontinu­
ous rate of increase in the unused capacity direction. 
It is clear that in this case the profit maximizing rate 
and unused capacity cannot be defined in terms of "marginal 
calculus" since this holds only for continuous functions. To 
determine the optimum position then requires that total costs 
and revenue be compared over the entire area of the surface. 
Maximum profit positions must be calculated for each of the 
continuous areas of the surface and these areas are compared 
in absolute yield of profits, the maximum of these being 
selected. 
The Firm in the Long Bun 
The problems facing the storage firm in the long run are 
essentially the same as those in the short run, how much 
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Figure 4. A discontinuous cost surface for producing a 
single product or service with both volume of 
grain stored and unused capacity 
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storage services to offer. Both involve the comparison of 
cost and revenue functions to determine the optimum rates of 
production. But the long-run cost function cannot be deter­
mined directly. It must be approached through the short run 
by comparing costs of plants of many sizes and technologies 
and combining these into a function representing the least 
cost of producing at any rate of output.1 The thesis in this 
study is to extend the statistical cost analysis to make it 
more useful in deriving the least cost curve. The alternative 
method of obtaining this curve is by using the synthetic 
method of cost analysis. 
In developing the statistical cost function, several 
factors must be considered that were not encountered in the 
analysis of the short run. These are: (l) the fixed cost 
of durable factors; (2) the problem of selection of alterna­
tive production techniques and their integration; and (3) 
2 
uncertainty and the need for flexibility. 
1Every alternative combination of units of equipment 
building and layout here is defined as consisting of a 
different plant. 
2 A degree of uncertainty and a need for flexibility exist 
in the short run, of course. The point is that uncertainty 
is magnified many times in the long run and the needs for 
flexibility are adjusted to this uncertainty. The given 
short-run plant either is or is not flexible in varying 
degree. Knight, Prank. Risk, uncertainty and profit. New 
York, Houghton Mifflin Co. 1921; Hicks, J. B. Value and 
capital. 2nd ed. Oxford, The Clarendon Press, Inc. 1946. 
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Cost qL durables 
In the long run, durable goods must be included in the 
cost consideration just as any other factor. Capital goods 
give rise to certain "fixed" costs, including depreciation, 
interest, insurance (part of risk payment), repairs and taxes. 
Depreciation consists of a time component—exposure to 
elements, for example—and a use component—wear and tear 
associated with actual use.* There is also an interaction 
between repair costs and depreciation costs associated with 
both wear and time. By continually incurring repair costs— 
probably at an increasing rate through time—the life of a 
durable item can be extended almost indefinitely (disregarding 
obsolescence). 
In addition to deterioration, parts of the other costs 
associated with capital goods are functions of time and 
independent of use. Interest, taxes, and insurance are 
related to time periods, although it might be argued that 
2 part of this is due to imperfections of the marketing system. 
But the prices or costs that are required in the analysis are 
for services of the durable goods. Use may vary from 
1Obsolescence, commonly regarded as a component of 
depreciation, is considered here as an element of uncertainty. 
21 
Bressler, B. G. Efficiency in the production of 
marketing services. University of Chicago Social Science 
Research Council Project in Agricultural Economics. Economics 
Efficiency Series Paper No. 6: 14-15» 1950. 
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completely idle to 24 hours per day, so it must be recognized 
that prices for use of capital goods cannot be defined unique­
ly but are themselves a function of the amount of use. 
It is not difficult to introduce the costs for capital 
goods into the concept of plant costs formulated here earlier. 
Figure 5 repeats the diagram of Figure 3 with the addition of 
a fixed base. This base—the distance OA—represents the 
time costs associated with the capital goods, expressed as a 
constant for the sale or demand period. Or, more properly, 
the fixed base represents the long-run average rate of return 
above variable costs that is required to maintain and replace 
the capital goods. Beturns in any particular short-run 
period need not cover these costs, but over the long run they 
must average this amount if the firm is to continue in busi­
ness. This is a long-run equilibrium concept. The long-run 
cost function will then consist of an envelope to many 
individual plant functions such as illustrated in Figure 6 
including as above, the estimated returns above variable costs 
required to maintain and replace the capital goods. 
SlL alternative prPflHoUW tSSWgWGg 
The development of the long-run storage cost function is 
a problem of selecting and integrating the most efficient of 
alternative production techniques for plants of all sizes and 
for specified operating conditions» The analytical process 
50 
H 
rH 
Figure 5* Volume of grain stored - unused capacity cost 
surface for a given plant, including "fixed costs 
for durable capital goods 
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relationships 
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could begin with the individual stage, for alternative methods 
and equipment—technologies—are substituted stage by stage 
rather than on an overall basis.^ However, this, with only a 
few stages and a few alternative technologies available at 
each stage, would require a large number of combinations. To 
compute total cost functions for all of the possible combina­
tions of technologies would be a difficult task. 
Even with only a few completed plants and a few alterna­
tive technologies available for each plant, the total number 
of combinations may be quite large. However, an alternative 
and somewhat simpler approach would be to determine the 
efficient technologies for each rate of output plant by plant. 
The general nature of the selection and integration 
process is illustrated by the hypothetical plant cost 
functions shown in Figure ?• These curves represent several 
alternative technologies for individual plants. Each curve 
shows the total storage costs per period—including operating 
costs and returns above variable costs required to maintain 
and replace the durable factors—expressed in relation to the 
volume of storage. The time of operation is held constant 
and technology is constant for each function. The curve 
representing each technology may be viewed as an "envelope" 
^French, B. C., Sammet, L. L. and Bressler, B. G. 
Economic efficiency in plant operations with special reference 
to the marketing of California pears. Hilgardia 24: 572-577* 
1956. 
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to the cost curves of plants of different size and employing 
different quantities of the same type of equipment. 
Another "envelope" may be drawn to the curves 
representing different technologies to obtain the long-run 
cost functions for grain storage plants. In the example 
(Figure 7) Plant I is the least costly if the volume of grain 
stored per year is less than 0X^$ Plant II provides the least 
cost plant if output is between OX^ and 0X2; and beyond 0X% 
Plant III shows the lowest cost. 
If degree of utilization is held at a different level, a 
different set of cost functions is obtained and thus a dif­
ferent long-run cost curve. In fact, there will be a whole 
family of planning functions, one for each degree of plant 
utilization which means that degree of plant utilization is 
itself a variable in the cost function.1 
The cost functions shown in Figure 7 illustrate a 
situation where, as the number of alternative technologies 
available at each stage increase, the magnitude of the 
discontinuities in the long-run cost function tends to 
decrease, although their total number may increase. The long-
run cost curve with variable techniques thus approaches a 
continuous function and in the purely theoretical extreme 
would be continuous. However, this is quite unlikely for 
1Brems, Hans. A discontinuous cost function. Econ. 
Bev. 42i 577-586. 1952. 
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most types of plants. 
A long-run cost function is used to determine optimum 
rates of output just as in the short run, with the long-run 
rates defining the size of the plant. Optimum rates of out­
put can be calculated in the manner indicated by conventional 
theory,1 and under these circumstances, the long-run 
equilibrium adjustment would find each firm at the minimum 
point on its long-run cost function. 
These total relationships may be transformed into more 
familiar terras by expressing the total curve by average or 
unit cost curves (Figure 8). 
The broken lines on Figure 8 are short-run average cost 
curves for the individual storage plants operating at various 
levels of capacity. They show the decreases in average cost 
for the particular size plant when the output is increased to 
2 
a normal capacity. If average costs at the most efficient 
outputs are lower for large plants than for small plants, a 
reduction in per unit costs or economies of large scale 
operation is obtained. However, as size increases, 
diseconomies may occur. This is the situation portrayed in 
Figure 8. 
Assuming that it is possible to obtain short-run average 
^Samuelson, cit.. pp. 76-79. 
2 Boulding, Kenneth E. Economic analysis. Bev. ed° 
New York, Harper and Brothers, Publisher. 1948. pp. 856-862. 
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Figure 8. Hypothetical relationship between short- and long-run average cost 
and output of storage services 
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cost curves for storage plants of many different sizes, an 
envelope curve could be drawn tangent to these individual 
plant curves as shown in Figure 8. This envelope or 
economies of scale curve shows the cost changes associated 
with the changes in size of plant with the efficient plant 
operation and use of best known technology. Since this 
curve shows costs that may be achieved under optimum 
organizations, it may be called a planning curve. 
With imperfect competition, however, there is no reason 
to suppose that a firm would necessarily operate either at 
full capacity or at the minimum point on the long-run average 
cost function. The latter is reached only by operating at a 
specific percent of capacity. But operations at the minimum 
point on this curve might involve a total amount of production 
greater than required to maximize profits. If profits were 
to be maximized, total output would have to be reduced, 
either by operating at less than full capacity or by reducing 
the scale of plant, or both. 
Uncertainty and Flexibility 
In determining the size of plant and methods of operation 
that will prove most profitable, the manager is faced with two 
kinds of uncertainty: (1) uncertainty as to the future course 
of product and factor prices; and (2) uncertainty as to the 
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estimates of the amount of return above variable costs 
required to replace and maintain the durable items of the 
plant. The latter is a consequence of an inability to 
evaluate correctly the rates at which the durable items 
deteriorate (partly a result of the first uncertainty) and to 
predict future dates at which new technological developments 
may render the equipment obsolete. In this decision-making 
process the business manager must consider two factors: 
(l) the probabilities that prices or conditions will change 
by various amounts and (2) the consequences of errors in 
expectations of new returns. 
The estimate of the first of these factors is quite 
difficult and certainly every businessman's estimate will not 
be the same. Hart presents an extensive development of the 
matter of expectations as probabilities.1 Answers to the 
second question can be obtained by using alternative prices 
or conditions and determining the potential returns under 
these circumstances. To a high degree, willingness to invest 
or produce in the face of a given risk or uncertainty depends 
on the magnitude of possible gains or losses and the 
individual's ability and willingness to withstand adverse 
^Hart, Albert G. Bisk, uncertainty, and the unprofit-
ability of compounding probabilities. In Lange, Oscar, 
Mclntyre, Francis and Yntema, T. 0., eds. Studies in 
mathematical economics and econometrics, pp. 110-118. 
Chicago, The University of Chicago Press. 1942. 
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fortune as well as to make profits. Fisher,1 Lange2 and 
Hicks3 hold that uncertainty is described in terms of 
probability distributions. Thus it is possible to develop a 
single distribution of prices by compounding probabilities. 
Hart has criticised this procedure because of the irrevers­
ibility of the process and the loss of relevant information. 
Knight**' and Shackle,^ of the non-probabilistic school, 
argue that decision-making is a unique process and, therefore, 
lacking in statistical verification. It is recognized, how­
ever, that past experience frequently serves as a basis for 
predicting success in regard to similar future situations, 
even though these situations are unique in themselves.^ 
Empirical studies by Gainer and Brownlee? and Heady and 
^Fisher, Irwin. The theory of interest. New York, 
The Macmillan Company. 193°• 
2Lange, Oscar. Price flexibility and employment. 
Bloomington, Indiana, The Principia Press, Inc. 1944. 
^Hicks, flu. cit. 
^Knight, on. cit. 
^Shackle, G. L. Expectations in economics. Cambridge, 
Cambridge University Press. 1949. 
^Weckstein, B. S. On the use of the theory of 
probability in economics. Bev. of Econ. Studies 20: 
191-198. 1953-
?Gainer, W. and Brownlee, 0. H. Farmer's price 
expectations and the rate of uncertainty in farm planning. 
J. of Farm Econ. 31: 266-275. 1949. 
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Kaldor1 give some support to the view that farmers formulate 
p 
a probability distribution of prices. Katona and Morgan's 
study of the investment decisions of Michigan manufacturers, 
however, fails to suggest a consistent theory of expectations 
and formulation of investment decisions for the business firm. 
To incorporate these concepts directly into the theory 
developed in the preceding pages would require the considera­
tion of many special cases—different models for different 
individuals and circumstances plus em overall consideration 
of combined effects of the expectations and reactions of all 
businessmen together. No attempt will be made to do this in 
this paper. The fundamental theoretical relationship under­
lying cost and output outlined above remains valid regardless 
of the uncertainties involved, although some minor modifica­
tion might be required to fit special cases. 
1Heady, Earl 0. and Kaldor, Donald B. Expectations and 
error in forecasting agricultural prices. J. of Pol. Econ. 
62: 34-47. 1954. 
2Katona, George and Morgan, James N. The quantitative 
study of factors determining business decisions. Quarterly 
J. of Econ. 66:  67-90. 1952. 
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IV. A METHODOLOGICAL APPROACH TO MEASUREMENT 
OF STORAGE COSTS 
With the current emphasis on cost and efficiency in 
storage of grain, an attempt to develop empirical representa­
tions of cost functions for storing corn is important. This 
is an extension of the statistical approach to cost analysis 
deriving total functions from the analysis of aggregate cost 
and volume data. In estimating storage cost from observed 
cost and volume data, the typical procedure is to obtain a 
long-run average cost function by observing, for a single 
period of time, plants that operate at varying volumes of 
output. Although this procedure is legitimate, if it is 
based, as discussed in Chapter I, on accurate data from an 
efficient representative sample of plants in the industry 
under study, several questions arise as to models and methods 
of analysis used. 
Formulation of the Model 
Basic data for this investigation includes: 
1. Y - total annual costs for each storage plant, 
2. - corn stored—average monthly inventory, 
3» - storage space unused, 
4. Xo - an index of turnover—corn put in and grain 
taken out, 
5. X4 - an index of management. 
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The first two variables are more or less the typical 
accounting data frequently available for samples of marketing 
or processing plants. However, the capacity information 
represents a contribution of this particular study. 
These data were used in all of the models reported in 
Chapter V of this paper. The basic approach was to set up a 
number of alternative models for cost relationships, apply 
these to the single set of data, and, finally, analyze and 
compare the results. All models involve both the volume, 
capacity, turnover in storage and management variables. 
Statistical Framework 
The statistical framework and analysis used was that of 
multiple regression. The population of Iowa country elevators 
was stratified and the sample drawn in such a way that the 
regression could be defined throughout the relevant range. 
Since no evidence was at hand to indicate the shape of the 
elevator storage cost function, observations were distributed 
throughout the volume range in order to define the function 
more accurately. 
Regression OL costs q& volume Stored 
The most prevalent and most simple analysis is to fit a 
simple regression of total storage cost per year on total 
corn stored. From the scatter diagram of data for the 40 
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country elevators (Figure 9-A), it appears that a reasonably 
good fit could be obtained using the simple model. The total 
cost function would be one of increasing cost at a decreasing 
rate. A functional relation such as 
(4-1) Y = b-jX* + u 
where Y is total costs per year, X is the average inventory, 
and u denotes a disturbance term, reflecting the stochastic 
nature of the relationship. 
The average cost function would be one that decreases 
sharply with increase in volume of corn stored for small 
volumes and flattens out at larger outputs. This type of 
average cost function would be one of Ezekiel's three types 
of simplified hyperbolas.^ 
(4-2) 
Y - " •• .. + 
ac a + bX-L 
1 
(4-4) 
ac 
Where Y&c is annual per bushel cost of storage, X^ is 
^Ezekial, Mordecai and Fox, Karl A. Methods of correla^ 
tion and regression analysis. 3rd ed. New York, John Wiley 
and Sons, Inc. 1959* 
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the average inventory. The function 4-2 will define an 
equilateral hyperbola that becomes asymptotic to a line 
parallel to the X axis. Function 4-3 traces an equilateral 
hyperbola asymptotic to a line parallel to the Y axis. 
Equation 4-4 is an equilateral hyperbola asymptotic to lines 
parallel to the X axis and the Y axis. 
If its limitations are recognized, a simple regression 
model such as the above models may be useful as it shows the 
relationship between storage volume and costs during the 
period studied. It is not an appropriate estimate of the 
long-run average cost or planning function because it does 
not consider the position of the individual plant on its 
short-run cost function for the period studied. The method 
affords an estimate of the long-run cost function only when 
the observed storage capacity and volume of corn stored are 
perfectly correlated. It correctly estimates the long-run 
cost function only when each plant studied is observed at a 
point on its short-run function that is tangent to the long-
run cost function. 
ÏÙS, capacity variable 
Statistical data of costs in a sample of plants can be 
used to obtain a rough indication of the long-run cost curve, 
providing we use the general knowledge that the true long-run 
cost curve must lie below the lowest cost points that were 
observed in the sample of plants. An envelope curve can be 
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drawn that falls below all these observed points; but there 
is no solid basis for knowing just how far below these 
observations the curve should be drawn if only a simple cost-
output relationship is used. A better approximation of the 
long-run average cost function from such data is obtained by 
adjusting the observed cost and volume for each plant to full 
utilization of capacity."1' However, this procedure requires 
accurate separation of fixed and variable costs and detailed 
separation of cost elements that vary directly, but not 
proportionately, with output. 
If a second variable—unused capacity—is used in a 
multiple regression model the same end can be accomplished 
without adjusting the data. In this model the maintenance of 
idle plant capacity is considered as an output that affects 
production costs. Therefore, it has the effect of shifting 
each plant along its short-run average cost curve to its 
optimum short-run output in the estimation of the long-run 
function of cost on output. 
Figure 10 illustrates such a model for an individual 
plant of OXg capacity producing OX-^ units of output. In this 
case, the average cost incurred, OB, consists of two segments— 
*This estimate of the long-run average cost function 
will pass through the low points of the short-run average cost 
functions rather than the true tangency points. The extent of 
this divergence will depend on the shape of both the long-run 
and short-run cost functions. 
70 
B 
•P 
CO 
o 
o 
g 
u 
© 
PH 
*2 
Output 
Figure 10. Illustration of two possibilities of storage 
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cost per unit of OX^ units for maintaining X^Xg units of idle 
capacity, AB, and cost per unit of output if no idle capacity 
were maintained, OA. If this plant fell on the regression 
line, a simple regression of per unit cost on output would 
pass through C. The net regression of per unit cost on 
output in a multiple regression equation containing an 
unused capacity variable would pass through point D. 
Using this innovation, a careful analysis based on 
accounting data may yield a useful approximation to the 
variation in the relative efficiency among plants. It should, 
however, be mentioned that when making decisions on improved 
methods of performing particular operations or normative 
plant layouts, detailed industrial analysis or time and 
motion studies should be used. 
Difficulties of Average Cost Models 
The graphic equation of the long-run total cost function 
(Figure 9) indicates a slight curvature that is typical of 
many empirical cost curves of industries. Total costs of 
storing grain appear to increase at a decreasing rate as 
output increases. This data is characteristic of other 
empirical cost curves in that there was no evidence of con­
stant or decreasing economies to scale. That is, the observa­
tions do not verify a change in the volume-cost relation to 
an increasing rate cost curve as so often advanced in 
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theoretical studies. This means that the average cost curve 
is decreasing at a decreasing rate but never turns up within 
the range of the observations. 
The graphic approximation pf the average cost function 
for the elevators studied (Figure 11) indicated a curve that 
approaches asymptotically to a line parallel to both the 
vertical (average cost scale) and the horizontal (the volume 
or capacity scale) axis. A simple hyperbola of the type of 
Equation 4-3 would fulfill the asymptotic requirement but it 
would not allow the curve to dip down into the vertex of the 
axis enough to fit the scatter of the data. 
Selection of Models Used 
When plotted against volume of storage, the total 
storage costs as shown in Figure 9-A show a slight curvature 
that is characteristic of other cost studies. Total costs of 
storing corn appear to increase at a slightly decreasing 
rate as volume of storage increases. The curvature is so 
slight that a linear regression of total cost on the output 
variable will provide a reasonably good fit. 
If the solution with this linear model results in a 
positive Y-intercept of reasonable magnitude, the correspond­
ing average cost function will be nonlinear, decreasing at a 
diminishing rate as output increases (the apparent relation-
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ship of the data in Figure 9)• If the total-cost function 
results in a negative Ï-intercept the indicated total cost 
will be negative for very small values of and Xg. This 
obviously is unacceptable. 
The total-cost function non-linear in the volume 
variable which passes through the origin avoids this difficul 
ty. Such a model is logical because in the long run total 
cost should be zero when volume of grain stored is zero. But 
some difficulty is encountered in selecting the equation most 
suitable. 
The basic approach was to set up a number of alternative 
models or types of equations for cost relationship, as seemed 
appropriate for the observed data presented in Figure 9« 
Three general types of models were used in this investiga­
tion, with a number of specific forms. 
1. The total cost functions of the general form of 
Equation 4-6, 
2. The average costs function of the general form of 
Equation 4-2, and 
3* The average costs function of the general form of 
(4-5) Yac = a + b% JL+ bg 2E& + b^ + b^ 29k + u 
X1 X1 X1 X1 
Ths specific forms used are discussed in the sections that 
follow. 
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Ifijiâl .9.95,t models 
These are the functions in Table 2, using the general 
form of the long-run total cost function as follows; 
(4-6) Y = b2X^ + b2X2 + b3X3 + b4X4 + u 
where Y is the total cost per year, X^ is the volume of grain 
stored, X% is the unused storage capacity, X^ is the sum of 
the number of bushels put in storage plus the number taken 
out divided by 2 and X^ is the management index. The 
parameters b^, bg, b^ and b^ were fitted statistically for 
assigned values of an a of 0.6, 0.8, 0.9 and 1. 
The two properties of Equation 4-6 which make it 
amendable to use here are: 
1. It yields a total cost function which increases at a 
decreasing rate when 1 > a > 0, 
2. It passes through the origin which is logical because 
total costs should be zero when both storage output 
and capacity are zero. 
Long-run cost functions may be traced out by selecting 
volume and then determining the capacity which will minimize 
the total cost of handling this volume. In some cases, long-
run cost functions are defined by fixing capacity equal to 
volume or unused capacity equal to zero—these represent the 
familiar "J-shaped" average cost curves found in empirical 
analysis. In others, costs are minimized by operating with 
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Table 2. Alternative cost functions used in this analysis 
Model Functions 
1 ï = bxXx + b2X2 + b^Xj + b^ 
2 Y = b^9 + b2X2 + b3x3 • 
3 Y = blS8 + b2x2 + b3x3 + t,A 
4 Y = t^X-6 + b2X2 + b3x3 + b4x4 
5 Y = bxxi95 + b2x2 + b3x3 
6 
Yac 
= bo + bi JL + b2 JL + 
X1 2 
7 Yac 
= b. + b 1 + b2 ^2 + 
X1 X1 
b,B + 
X1 xi 
8 Yac = bD + b, X + b2 * b3 x^ + 
capacity somewhat in excess of volume—these are the tangency 
solutions emphasized in Viner's classic paper.1 
In Equation 4-6 above, the average excess capacity X2 
^Viner, Jacob. Cost curves and supply curves. In Stigler, 
George J. and Boulding, Kenneth E., eds. Headings in price 
theory. Vol. 6. pp. 198-232. Chicago, Richard D. Irwin, 
Inc. 1952, 
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is equal to where X^ is equal to the total capacity. 
Equation 4-6 can be rewritten as follows: 
(4-7) Y = b]X^ + b2 (X5 - Xx) + b3X3 + bj^X4 + u 
The long-run cost function may be obtained by specifying 
particular values for X^ and determining the values for total 
capacity X<j which will minimize costs, subject to the condi­
tions that X% > 0, Xij > 0, and X^ > X^. The change in total 
cost with respect to changes in capacity is given by: 
(4
~
8) f~x^ = b2 
If b2 is positive--as it must be to be logically admissible-
total cost of producing any volume X^ will be minimized by 
making unused capacity X2 as small as possible, that is, 
X5 = Xi, X2 = 0. The long-run cost function thus becomes: 
(4-9) Y = b]Xi + b3X3 + b^ + u 
This function intercepts the Y axis at Y equals zero and 
shows total cost increasing at a decreasing rate. 
Fractional exponent Ù2L volume variable 
The value of the exponent "a" on the volume variable was 
not determined by the least squares solution in fitting the 
equations, but was taken as given: 1.0, 0.9, 0.8, and 0.6. 
A more accurate approximation was computed by using the 
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1 
"Universal Missing Plot Formula" developed by H. 0. Hartley. 
This formula is as follows : 
Qi - Qg 
(H-10) a = ai + 
This is the point on the a-scale where the parabola, through 
the three points (aQ, QQ), (alf and (ag, Qg) attains its 
minimum. The Q. values denote the appropriate "Error Sum of 
Squares." The aQ, a^ and a2 denote three trial values for the 
appropriate exponent, unity apart so that a^ - a^„^ = 
An alternative method of estimating the optimum value of 
"a" has been advanced by Dr. H. 0. Hartley. It employs the 
following function: 
a + Aa 
(4-11) Y = B1X10 + B2X2 + B3X3 + B4X4 
By transforming Equation 4-11 the following equation is 
obtained: 
an aQ 
(4-12) Y = B1X1 + (BxAa) X1 loge X1 + B2X2 + B^ + 
where B^, (B^Aa), B2, B3 and B^ are unknown parameters or 
constants. Estimates b^ (b^Aa), b2, b3 and b^ for these 
1Hartley, H. 0. A plan for programming analysis of 
variance for general purpose computers. Biometrics 12: 121-
122. 1956. 
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unknown parameters. The procedure is to invoke the method 
of least squares to find values of the estimates which will 
minimize. 
(4-13) ft = 2 ïj. - - (bjAa) X^J log@ Xli - b2X2i -
b3X3i " b4x4i 
By adjusting aQ to aQ + Aa = a* and repeating the 
computational procedure until Aa approaches zero an optimum 
value is obtained. 
Other models 
These functions are simple hyperbolas in all the variables. 
They describe the first half or the declining portion of the 
conventional average cost curve. These two simple hyperbolas, 
which are useful in estimating the average cost, are peculiar 
in that they can become asymptotic as they approach both the 
X axis and the Y axis, even if one or both of the variables 
are negative values. However, the values of X and Y which 
it approaches are special values which vary in each particular 
case and depend upon the value of the constants a and b in 
the equations. 
Model 6 estimates the reciprocal of the average cost 
(y^—). Therefore, it is the deviations of the reciprocals of 
ac 
the average cost about the prediction plane that are minimized 
and not the deviations of the average cost (Yac). 
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The long-run average cost function may be obtained from 
these equations by specifying particular values for and 
determining the values for total capacity Xtj which will 
minimize costs, subject to the conditions that X^ > 0, X^ = 
(X^ + Xg) > 0 and X^ > X^. The change in average cost with 
respect to changes in capacity is given by; 
(4-14) *l/%ac = b? -L-
dX2 Xg 
Problems of Statistical Estimation 
When using Function 4-6 problems of statistical inference 
are two separate but related topics, estimation and testing. 
That is, having postulated a certain function as being an 
expression of the true state of affairs in the population, 
then it is necessary to estimate the parameters of this 
function. 
It is preferable to use an estimating method which will 
yield estimators of 0^, 02, and 0^ possessing desirable 
properties such as being best, or unbiased.1 The major 
concern here, however, is with problems of testing various 
hypotheses about storage cost-output relationships. For 
example, three major hypotheses about long-run cost-output 
^Ostle, Bernard. Statistics in research. Ames, Iowa, 
Iowa State College Press. 1954. p. 25» 
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variation might be tested by the inclusion of unused capacity, 
turnover in inventory and management terms among the explana­
tory variables. Analysis of variance test may be used for 
testing whether these variables achieve a significant 
reduction in the residual variation. Also, standard error 
formulas may be used to test whether the coefficients of 
these terms differ significantly from zero. 
If the least squares procedure is applied to 4-6 as it 
stands, values b^, bg, b^ and b^ are obtained, which are such 
that 
<1-15) K = E (ï - [ViK + b2X2K + b3X3K + VitK] J 
is minimized. Standard F and t tests are then appropriate to 
make the test required.^ The strict validity of these tests 
depends upon the following assumptions. 
1. The disturbance is a random normal variable with zero 
mean for all k. In terms of the cost function this 
means that at any given rate of storage services performed 
actual cost will be influenced by many variables in addi­
tion to those actually brought into the relation via X^, 
X , X and X . The net effect of these omitted variables 
1Anderson, B. L. and Bancroft, T. A. Statistical theory 
in research. New York, McGraw-Hill Book Co., Inc. 1952* 
pp. 153-186. 
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is to make costs differ from the estimated value by some 
positive or negative amount. These discrepancies are 
postulated to follow the normal law so that they are 
independently and normally distributed. This condition 
is not imperative since the tests are not too sensitive 
to departures from normality. 
2. Another requirement is that of homoscedasticity: the 
above distribution must have constant variance for all k. 
This implies that the probability of a discrepancy of a 
given size occurring is independent of the rate of output 
and is in fact constant all along the cost function. 
3« The disturbances are serially independent. If this 
condition is not satisfied the disturbance terms are 
auto correlated and have serious implications for the 
usual testing procedures. 
4. The disturbance is distributed independently of the 
explanatory variables X^, Xg, X^ and X^. If this 
condition is satisfied the high values of output will 
not be associated, on the average, with positive 
discrepancies. 
The condition of homoscedasticitic disturbances is 
imperative to make the usual formula for the standard error 
of regression coefficients applicable. If information about 
the form of the heteroscedasticity is available, the most 
efficient procedure is to use it to effect a transformation of 
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the data before estimating parameters. In summary, heterosce-
dasticity will render the usual variance equation 
(4-16) Vb 
incorrect. Little is known either analytically or as a 
result of sampling experiments, of the seriousness of the 
error involved in using the conventional t test, when various 
degrees of heteroscedasticity are present. Due to the lack 
of an adequate number of observations at each output level, 
it is difficult to test the assumption of homoscedasticity. 
A rough test, however, may be made by dividing off the 
output axis into some arbitrary intervals determining the 
variance about the filled regression surface within each 
interval and testing these variances for homogeneity. 
The autocorrelation problem is not as prevalent in 
cross-section data as in time series data. The autocorrela­
tion properties of the disturbance are of crucial importance. 
There are two sources of such autocorrelation: (l) the 
omitted variables that are autocorrelated may cause auto­
correlation among the disturbance and (2) incorrect specifi­
cation of the functional form. Although the disturbance 
is unknown and unobservable, a test of its autocorrelation 
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properties is available.1 
Autocorrelation in the disturbance term throws the 
standard error formula off and also makes the t and F tests 
inapplicable. An appropriate procedure should be to use 
Dubrin-Watson d statistic to test for possible presence of 
autocorrelated disturbances before making any conventional F 
or t test. If it is found to be significant, a transforma­
tion of the data should be accomplished to randomize the 
disturbance and then the test can be made on the coefficients 
of the relation between the transformed variables. 
The fourth assumption, of the linear normal regression 
model may often be violated in the cost-output relationships. 
This assumption requires that the disturbance term in a given 
relationship be distributed independently of the explanatory 
variables. The main effect of this interdependence between 
explanatory variables and disturbance term is to make the 
direct application of least squares to the equation yield 
biased estimates of the parameters of the relation. The bias, 
furthermore, cannot be made negligible, no matter how much 
the sample is increased. That is, the direct least squares 
estimates are both biased and inconsistent. It is thus very 
important to determine whether this difficulty is likely to 
^Durbin, J. and Watson, G. S. Testing for serial 
correlation in least-squares regression. Biometrika 37s 
409-423. 1950. 
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be present in a statistical estimation of cost-output 
relationships. To do this it is necessary to examine the 
economic decision model which was postulated in Chapter III 
above• 
Consider first the model of a firm in a perfectly 
competitive industry. If market price remained constant from 
period to period, as a consequence of no material change in 
the total demand and supply position of the industry, then 
very little variation in the output of the firm would be 
observed, since the only possible source of output variation 
would be random disturbances about the unique profit-
maximizing position. In such a case, no method of estimation 
could give reliable estimates of the parameters of the cost 
function. If market price varied from period to period this 
difficulty would be substantially overcome but the price-
forecasting relationship 3-1 would then be unrealistic and 
would need modification. If the modification took the form 
of including more information on previous price levels, it 
would not upset the conclusions reached below about estimation 
procedures. 
The model essentially consists of the two relations 3-1 
and 3-2 in the two endogenous variables and x^. If u^. is 
randomly distributed with the zero mean and constant variance, 
the only important remaining assumptions for the use of least 
squares estimation of the parameters of cost function is the 
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independence of u and x. Using 3-3* the following equation 
is obtained: 
Pt i 
(4-17) Extut = lp~ Eut + Eutvt = Eutvt 
Then ut will be independent of xt if ut is independent of vt« 
Consequently the valid application of least squares to 
the cost function in this model rests on the independence of 
the disturbance terms in the cost function and in the output-
determination function. This result may not be very likely. 
A disturbance, such as the machine breakdown, which pushes 
output below a planned level, may push costs above the level 
expected for the reduced rate of output and thus an inverse 
relationship between u.j. and v% would hold. Ideally, the 
factors influencing cost variations in various types of 
output-disturbing situations should be carefully examined 
for each firm subjected to statistical analysis. If the 
assumption for independence of u and v were valid then the 
least squares estimates of the parameters of the cost function 
would also be maximum likelihood estimates. This result is 
due to the postulated independence and to the fact that the 
Jacobian of the transformation from u^., v% to ir^.X|. is unity. 
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V. EMPIRICAL ESTIMATE OF THE COST FUNCTIONS 
The preceding theoretical development involves a basic 
element of economic theory of production and cost functions. 
These functions have been dealt with in abstract terms, 
but their application in real problems requires that they be 
quantified. This usually is an extremely difficult task, due 
in part to the limitations of available techniques of measure­
ment and analysis. This chapter will be devoted to an illus­
tration of how accounting data can be used in developing cost 
functions. Revenue functions, here in terms of charges for 
storage services, have not been considered. 
Data for the Study 
Information for the major portions of this study was 
obtained from a sample of 40 Iowa country elevators. It has 
its immediate origin in two bulletins published by the 
United States Department of Agriculture1 and in a real sense 
this is a continuation of the methodology used there. 
The basic data for this analysis was obtained by personal 
^McDonald, Eileen M., Phillips, Richard and Harrington, 
David N. Losses from shrinkage and quality deterioration of 
corn stored in country elevators and at bin sites in Iowa. 
U. S. Dept. Agri. Agri. Mkt. Serv. Bulletin AMS-173* 1957; 
Dachtler si al*, SB» cit. 
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interview with management and from accounting records of each 
elevator in the sample. The schedule employed was designed 
to provide for a detailed "breakdown of the expenses of main­
taining and operating the physical storage enterprise. 
In view of the expected variation within the population, 
a sample size of 45 country elevators—about 28 percent of 
the population—was obtained. This provided for a sample of 
15 elevators for each of the three types of construction: 
concrete, steel and wood. This number provided the basis 
of reasonably complete and reliable statistical estimates 
of the population parameters for each of the three types of 
elevators. 
Within each of these three, the number of elevators in 
the sample was approximately proportional to the number of 
elevators in the population within each capacity group. 
However, this ratio of sample to population was increased in 
capacity groups where the number of elevators in the popula­
tion was very small, in order to distribute the sample along 
the capacity axis. 
The sample of elevators within each cell was selected 
entirely at random.1 Every elevator within each cell— 
whether cooperative, private or line—had an equal chance of 
^Selection was made with Snedecor's random number tables. 
See Snedecor, George W. Statistical methods. 5th ed. Ames, 
Iowa, Iowa State College Press. 195?» pp. 10-13» 
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being selected. 
Usable schedules were obtained from 40 of the 45 eleva­
tors in the sample. Approximately 66 percent of the sample 
was cooperatives. The uniformity of the cooperatives' 
records improved the data for the purpose of estimating cost 
functions. Stratification of the elevator population and 
sample is summarized in Table 3» 
The sample selected included 40 Iowa country elevators 
drawn from the population of elevators that had constructed 
storage space since 1946 and that had 40,000 bushels or more 
of licensed storage capacity. The restriction on construction 
since 1946 was made in order to make cost of equipment and 
building more comparable. This helped to take care of the 
differences in equipment and building cost that might be due 
to either variations in technology or variations in price 
level. 
Basic data for this investigation as presented in Table 
4 were obtained for the last accounting year ending prior to 
September, 1952. Factors quantified were: 
1. Total annual costs for the grain storage enterprise 
1 2 
of each country elevator,' 
2. Annual volume of grain stored in bushel years,1 
1Dachtler fit âl«, ££• £it»> PP» 8-16. 
2 
McDonald fit âi* » 2J2* cip>, pp. 5-15* 
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Table 3. Population and sample of country elevators having 
more than 40,000 bushels storage capacity and with 
some construction since 1946 
Type of storage Licensed storage capacity (l.000 bushels) 
4 0 - 4 0 - 6 1 - 9 0 - 1 6 0 - 2 6 0 - O v e r T o t a l  
60 89 89 159 259 385 385 
Population: 
Concrete — — 5a 8 8 12 2 35 
Steel 22 14 15 3 6 0 60 
Wood 21 mm M %2 2Q 4 1 0 $9 
Total 43 5 36 43 15 19 2 163 
Sample: 
Concrete —— 2 —— 3 3 4 l 
Steel 4—431 2 0 
Wood 2 — 4 4 2 1 0 13 
Total 6 2 8 10 6 7 1 40 
^Figures indicate number of elevators. 
3. Unused storage capacity in each elevator,1 
4. An index of turnover consisting of sum of grain placed 
in storage plus grain taken out of storage divided by 
two,1 and 
5» An index of storage management derived from data in 
Table 5«2 
^Dachtlersfit sJ,,., ûBl. cit., pp. 8-16. 
^McDonald et al., op. cit., pp. 5-15* 
Table 4. Annual storage costs, storage volume, unused capacity, index of 
turn over and the management index for 40 country grain elevators 
in Iowa 
Elevator by 
type of 
structure 
Corn stored-
average 
monthly 
inventory 
(1000 bu.) 
Storage 
space 
unused 
(1000 bu.) 
Index 
of turn 
over 
(1000 bu.) 
Index 
of 
management 
Total 
storage 
costs 
($1000) 
Concrete : 
1. 45.903 18.1 1.5 1.995 4.9 
2. 83.300 0 0 1.328 7.0 
4. 94.846 48.2 8.5 1.240 10.7 
5. 97.133 7.9 46.9 2.917 14.9 
6. 176.447 10.6 16.7 1.328 16.4 
7. 165.510 8.5 48.5 3.077 14.3 
8. 166.819 20.2 9.3 3.495 27.2 
9. 296.319 16.7 26.9 1.424 18.1 
30. 320.995 1.0 0 1.424 17.0 
10. 164.480 85-5 7.3 1.620 18.4 
11. 351.913 2.1 48.4 .624 25.5 
12. 230.248 29.8 5.2 1.221 13.6 
14. 642.676 37.3 49.6 1.424 44.3 
Steel tank: 
21. 16.832 40.2 0 3.077 2.7 
22. 40.064 17.9 18.8 5.831 9.6 
27. 84.000 0 0 1.746 7.2 
Table 4 (Continued) 
Elevator by Corn stored- Storage 
type of average space 
structure monthly unused 
inventory (1000 bu 
28. 147.922 4.1 
29. 192.275 26.7 
Woods 
31. 20.500 18.5 
33- 14.925 27.3 
34. 34.029 8.0 
36. 39.237 22.8 
37- 63.726 17.3 
39. 45.826 27.2 
40. 43.617 20.4 
41. 47.091 16.9 
42. 56.250 18.8 
43- 147.763 32.2 
38. 180.252 31.8 
44. 144.952 0 
45. 194.917 5.1 
Flat steel: 
15. 34.332 0 
16. 39-553 0 
17. 36.373 0 
Index Index Total 
of turn of storage 
over management costs 
(1000 bu.) (#1000) 
0 .649 10.0 
36.9 1.746 15.4 
21.8 2.810 5.4 
0 1.328 3.4 
9.7 2.105 3.5 
17.0 1.424 7-9 
13.2 .808 5.9 
0 1.381 5.8 
27.6 1.912 6.5 
25.0 1.240 7.4 
31.2 1.328 6.2 
3.0 1.650 12.3 
2.5 2.105 13.8 
0 1.746 10.2 
5.3 1.328 13.6 
0 3-399 2.9 
0 3-399 5.2 
0 1.730 2.1 
Table 4 (Continued) 
Elevator by 
type of 
structure 
Corn stored-
average 
monthly 
inventory 
(1000 bu.) 
Storage 
space 
unused 
(1000 bu.) 
Index 
of turn 
over 
(1000 bu.) 
Index 
of 
management 
Total 
storage 
costs 
($1000) 
18. 33-705 0 0 3.399 3.7 
19. 25.000 27.0 0 2.428 2.1 
20. 36.970 9.2 0 2.105 2.2 
23. 53-208 2.9 17-4 2.428 10.7 
24. 87.712 0 0 3.399 7.1 
26. 122.000 0 0 1.424 7.6 
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Corn storage costs include losses in market value 
attributable to physical change in corn plus actual costs of 
handling. The losses were determined by measuring changes in 
weight and grade of corn which was stored at country elevators. 
In the determination of actual handling costs associated with 
storage, country elevators were recognized as joint cost 
enterprises with certain cost items shared by other enter­
prises such as grain merchandising, farm supply, etc. After 
the direct costs were ascertained, indirect costs were 
apportioned to the various enterprises in proportion to the 
amount of time spent on each enterprise. 
Annual volume of grain stored in bushel years was 
computed by dividing the total bushel months of corn stored 
by 12. 
Unused storage capacity in each elevator was determined 
by subtracting the volume of grain stored in bushel years 
from the manager's statement of his actual available capacity 
for storage. This is an important factor in total storage 
costs in the country elevators, since fixed costs are 
primarily a function of storage capacity and variable costs 
are a function of storage volume. 
The index of turnover was the sum of corn put in storage 
plus the corn taken out of storage divided by two. Because 
costs are incurred in moving corn into and out of storage, 
one would expect annual storage cost per bushel to increase 
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as the storage turnover increases. 
The study also was designed to describe and measure the 
storage management practices for each of the 40 sample 
elevators. The storage management schedule for each elevator 
was obtained by personal interview with the elevator manager 
(Table 5)* The management index was constructed from observed 
data on certain management practices such as: 
1. One point for each time the corn was raked per month 
(Z2), 
2. One point for each time the corn was inspected per 
month (Z^), and 
3« One point for each time the grain mass was turned per 
year (Z4). 
Each of these three scores was coded by adding 1 and 
dividing the sum into 120, ' This gave, with the 
total cost of deterioration, four measures of management. 
The following equation was used to indicate the general 
relationship between these variables: 
(5"1) Zij = b2jZ2j + b3jZ3j + 
where Zj j is the cost of deterioration and shrink per bushel 
of corn stored, Z£j is the sum of the number of times the 
grain mass was raked plus 1 divided into 120, (Z£j = 
y2 .^+^1") ) > Z^j is the sum of the number of times the grain 
^ J 
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mass was inspected plus 1 divided into 120, (Z'. = 77=—\  ) ;  
j J  ' 3 j  '  
and Z^j is the sum of the number of times the grain was turned 
plus 1 divided into 120, (Z^ = ^ ^+°i)^* The principle 
characteristic of this function 5-1 is its linearity in all 
three of the independent variables. 
The graphic equation established the form of the long-run 
total cost function and a final approximation was obtained by 
mathematically fitting Equation 5-1 to the observed per 
bushel costs of deterioration and shrinkage given in Table 5* 
The resulting mathematically fitted equation which conforms 
very closely with the graphic function is: 
(5-2) Z{j = -.003 Z%j + .049 ZJJ + .005 Zjj 
The regression coefficients in Equation 5-2 were used to 
weight each of the factors to obtain the indices of manage­
ment. The products of the regression coefficient times the 
factor Z|j were summed up to arrive at the management index 
for each of the equations as shown in Column 5 of Table 4. 
The measures of management here add up to a supervisory 
role of management. It is recognized that management involves 
more than seeing to it that the grain is raked, turned and 
inspected. However, these were the only factors available 
to estimate management. 
In Table 6 is shown the storage capacity and the observed 
percent of capacity utilized by the 40 sample elevators. Of 
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Table 5» Per bushel cost of deterioration and shrinkage and 
management factor scores such as number of times 
the grain was raked, number of times inspected and 
number of times turned 
Elevator Cost due to Number of times 
number deterioration Corn was Inspected Raked 
and shrinkage turned each per 
per year month month 
1 2.62 0 3 2 
2 1.03 1 4 1 
4 0.51 1 5 5 
5 7.51 1 1 0 
6 2.12 1 4 1 
7 0.87 1 1 1 
8 6.03 0 1 4 
9 0.75 1 4 4 
10 1.11 1 3 1 
11 0.81 2 7 0 
12 0.49 2 4 1 
14 0.96 1 4 4 
30 0.10 1 4 4 
15 1.63 0 1 1 
16 4.94 0 1 1 
17 1.10 0 4 3 
18 4.20 0 1 1 
19 1.65 0 2 1 
20 0.43 1 2 1 
23 10.24 0 2 1 
24 1.45 0 1 1 
26 1.15 1 4 4 
21 0.29 1 1 1 
22 8.19 1 0 0 
27 0.60 0 4 4 
28 1.29 1 8 0 
29 1.09 0 4 4 
31 .00 2 1 0 
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Table 5 (Continued) 
Elevator Cost due to Number of times 
number deterioration Corn was Inspected Baked 
and shrinkage turned each per 
per year month month 
33 .68 1 4 1 
34 1.19 1 2 1 
36 2.01 1 4 4 
37 0.76 1 8 1 
39 2.79 1 4 2 
40 0.17 4 2 1 
41 0.19 1 5 5 
42 0.30 1 4 1 
43 0.65 0 4 1 
38 0.35 1 2 1 
44 1.18 0 4 4 
45 0.63 1 4 1 
the 40 elevators, nine utilized 100 percent of their capacity. 
Three of the elevators utilized less than 50 percent of their 
capacity. The average utilization of capacity was 79 percent. 
Empirical Estimate of the Storage Cost Functions 
The graphic equation established the general form 
of the long-run total cost function as noted in Chapter 
IV. The basis for the form of these equations was 
obtained by using the Bean Method of graphic multiple 
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Table 6. Storage capacity and observed percentage of 
capacity by utilization in 40 country elevators 
of Iowa 
Elevator number Storage capacity Percent of 
capacity utilized 
1 64.0 71.72 
2 83*3 100.00 
4 143.0 66.29 
5 105.0 92.48 
6 187.0 94.33 
7 174.0 95.11 
8 187.0 89.20 
9 313.0 94.67 
30 322.0 99.69 
10 250.0 65.8O 
11 354.0 99.41 
12 260.0 88.54 
14 680.0 94.51 
31 39.0 52.56 
33 42.2 35.31 
34 42.0 80.95 
36 62.0 63.23 
37 81.0 78.64 
39 73.0 62.74 
40 64.0 68.12 
41 64.0 73.59 
42 75.0 74.93 
43 180.0 82.11 
38 212.0 85.00 
44 145.0 100.00 
45 200.0 97.45 
21 57.0 29.47 
22 58.0 69.14 
27 84.0 100.00 
28 152.0 97.30 
29 219.0 87.81 
15 34.3 100.00 
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Table 6 (Continued) 
Elevator number Storage capacity Percent of 
capacity utilized 
16 39.6 100.00 
17 36.4 100.00 
18 33.7 100.00 
19 52.0 48.08 
20 46.1 80.04 
23 56.1 94.83 
24 8 7.7 100.00 
26 122.0 100.00 
Average 137.0 78.77 
correlation as illustrated in Figure 9-* Approximations were 
obtained by mathematically fitting specific cost functions to 
cost, volume of grain stored, unused storage capacity, index 
of turnover and index of management data for the 40 Iowa 
country elevators given in Table 4. The regression coef­
ficients, their t ratios and the coefficients of correlation 
for the five total cost models are indicated in Table 7. 
As was mentioned earlier in Chapter IV the value of the 
exponent "a" on the volume variable was not determined by 
the least squares solution. The more precise value was 
derived by substituting the appropriate "Error Sum of Squares" 
^Bean, Louis H. A simplified method of graphic 
curvilinear correlation. J. of Am. Stat. Assn. 24: 
386-397. 1929. 
Table 7* Regression equations and coefficients of correlation from identical 
storage cost, volume and capacity data for 40 country elevators 
Model Equation3 C of cb Sy. x 
1 Y .057 Xx + .059 X2 + .084 - 0.860 .98 2.792 
(14.6)1 (2.39)5 (2.63)5 (3.30)5 
Y = .021 X^9 + .053 X2 + .087 X3 - .620 X^ .98 2.789 
(14.7)1 (2.19)5 (2.74)5 (2.36)5 
Y = .075 X*8 + .049 X2 + .092 X3 - .344 X^ .97 2.888 
(14.0)1 (1.9)10 (2.81)5 (1.24)30 
Y = .946 XJ6 + .042 X2 + .113 X3 - .308 X^ .97 3*408 
(11.55)1 (1.37)10 (2.96)5 (.89)40 
In the equations, Y represents total storage cost in dollars per year; Yac 
represents the annual storage cost per bushel; X% represents average monthly 
inventory in bushels; Xg represents average unused storage capacity in bushels; X3 
represents the sum of the bushels of corn put in plus the bushels taken out divided 
by 2; X4 represents the index of management. The figures in parentheses are "t" 
ratios. The numbers to the right of the parentheses indicate the level of 
significance. 
^Coefficients of correlation. 
Table 7 (Continued) 
Model Equation3 C of cb Sy. x 
5 Y = .Oil X{95 + .056 X2 + .086 X^ + .672 X4 .98 2.737 
(9.4)1 (2.14)5 (2.42)5 (2.26)5 
6 = 11.841 - 132.105 + 2.679 x2 - 2.386 ^  + 1.900 ^  .59 3*262 
7 Yac = .064 - .282 1 + .070 ^  + .091 s3- + .551 .88 .026 
X1 xi xl xl 
8 Yac = .096 + 1.078 1 - .007 1 + .021 1 - .008 1 03 .050 
X1 x2 x3 x4 
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(300.2, 280 and 280.76) and their related exponents (0.8, 
0.9 and l) in Equation 4-10, Chapter IV. According to 
this formula the optimum "a"-value as measured by the 
smallest error is as follows:1 
(5-3) a = .9 + .1 2 ( 300 ?22 * ^ 2(280^"+^280.76 ) = °'95 
Hence, the "a" exponent of used in the fifth model gives 
an improved correlation coefficient of .99, as indicated in 
Table 7, Model 5» 
Table 8 gives the simple correlation coefficients among 
the variables of Table 7* The intercorrelation is significant 
to the 1 percent level between Xj the volume variable. The 
correlation between X^ and the volume variable is significant 
to the 5 percent level. 
Tagi, Qt homogeneity 
The elevators of the sample were made of three types of 
construction: concrete, wood and steel. Analysis of 
covariance was used to test whether the cost function for 
each of the groups was homogeneous enough to use a single 
estimating equation. This test is shown in Table 9. 
The regression equations and their correlation coeffi­
cients for each of the structure groups were as follows: 
^Hartley, jyi. cit. 
Table 8. Simple correlation coefficients (r's) among the variables in 
Models 1 through 5 for total grain storage costs at country elevators 
vari- x, x;9 x_e8 x;6 X_*95 
able s 
Xx 1.000 
x£9 1.000 
Q 
x{ 1.000 
x{6 1.000 
Xi95 1.000 
X2 
X3 
X4 
X2 X3 X4 
Y 
.135 .458 —. 326 .914 
.131 .452 -.334 .914 
.126 .445 -.342 .913 
.115 .429 -.355 .902 
.133 .4 55 - .325 .914 
1.000 .074 -.121 .248 
1.000 -.036 .565 
1.000 —. 164 
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Table 9* Analysis of covariance for the regressional 
analysis of Model 5 for Iowa country elevators in 
terms of overall regression and individual regres­
sions by types of storage structure 
Source of variation Degrees 
of 
freedom 
Sum 
of 
squares 
Mean 
squares 
1. Total 40 7,099 
2. Reduction due to 
overall regression 4 7,028 
3. Deviations 40 71 
4. Reduction due to 
separate regressions 16 7,063 
5. Deviations for 
individual regressions 28 36 1.39 
6. Added reduction due to 
separate regressions 12 35 2.91 
For concrete elevators: 
(5-4) Y = .020 X{95 + .057 X2 + .056 X3 + 1.194 X4 
For wood elevators: 
(5-5) Y = -.295 X^95 + 2.328 X£ - 1.378 X3 - 277.6 X^ 
For steel elevators: 
(5-6) Y = .018 X{95 - .035 X2 + .175 X3 + .668 X^ 
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It seemed desirable to ascertain if the curvilinear 
regressions of each of the four types of constructions could 
be pooled into one sample. They may differ in three ways: 
in slope, in elevation and in variance, ay#x . The primary 
interest is in elevation—would the cost mean be the same if 
the structure were the same? To get evidence on this 
question, it was necessary to make the following assumptions: 
1. The three samples were drawn from normal populations 
O 
with common variance, o • 
yx1 
2. The slopes of the three regressions were the same: that 
is, the population regression lines are parallel. 
In order to test the hypothesis that the population 
regressions coincide (that is, that they have the same 
elevation), the F ratio (Equation 5-7) of the mean square of 
the deviations for individual regressions (1.39) over the mean 
square of the added reduction due to separate regressions 
(2.91) was employed (Table 9). 
<>7) F12_28 - fc# 
The F value of .477 with 12 and 28 degrees of freedom is 
not significant at the 5 percent probability level. There­
fore, the hypothesis that there is no significant difference 
between the three regression equations (5-4, 5-5» 5-6) was 
accepted. The conclusion was that the three populations may 
have the same regression lines; at least the differences were 
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not great enough to be detected by sampling. Therefore, it 
seemed logical to combine the three surveys for further 
examination of the storage costs in Iowa country elevators. 
Nature long-run total cost curves 
The nature of these curves and the method of their 
derivations may be better appreciated with the aid of a few 
graphs. The long-run total cost curves derived from Models 1 
through 5 are shown in Figures 12 and 13» They were estimated 
by varying the storage capacity, utilizing 90 percent of the 
capacity and assuming a complete turnover every two years. 
T h e  m a n a g e m e n t  i n d e x  w a s  h e l d  a t  t h e  a v e r a g e  ( 2 . 0 3 ) A s  
would be expected from the high and uniform correlation 
coefficients, these models yield comparatively similar 
estimates of the long-run costs. 
Two principal characteristics of the total cost function 
from Model 1 were that its linearity in all the independent 
variables and its homogeneity, i.e., it passes through the 
origin. A function that passes through the origin and is 
^Note that these solutions were derived from the function 
* = V? + b2X2 + *3X3 + \X4 
where X2 = .1 (X^ + X2); X^ = (-^) and X^ = X^. This method 
of computation assumes that plants are operating at 90 percent 
of capacity. 
Model 1^-4 / 
Model 5 
Model 2 
H O 
CD 
Figure 12. 
T60 240 32Ô 50Ô" 
Average monthly inventory (1,000 bushels) 
Relationship, as estimated by Models 1, 2 and 5» between total annual 
storage cost of corn and average monthly inventory in 40 Iowa country 
elevators operating at 90 percent of capacity, showing the scatter of 
the sample about the line of relationship 
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Relationship, as estimated by Models 3 and 4, between total annual 
storage costs of corn and average monthly inventory in 40 Iowa country 
elevators operating at 90 percent of capacity, showing the scatter of 
the sample about the line of relationship 
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linear will show constant returns to scale. In other words, 
it has a constant marginal cost curve. Figure 12 illustrates 
such a total cost curve in the one labeled Model 1. 
The long-run cost curves from Models 2 and 5 with 
exponents less than one on X^ increase at a decreasing rate 
(Figure 12). These curves also pass through the origin. 
Therefore, these cost curves have a decreasing marginal cost 
curveo However, it should be noted that none of these total 
cost curves decline within the range of the data: neither 
does their marginal cost curves become negative within the 
range of the data. As was mentioned above, the long-run 
total cost function was obtained by assigning a constant 
percent of capacity and varying capacity, for example 
converting Model 2 to express total cost as: 
(5-8) Y = .021 X[9 + .053 (X^ - Xx) + .087 X. - .620 X^ 
where X^ is capacity and all the other variables are as 
defined earlier. Then long-run marginal cost would be: 
(5-9) _ ,053 
a x1 X"i 
In this case long-run marginal costs decline monotonically 
with increases in volume and eventually become negative at 
volume of 2,750,000 bushels which is considerably beyond the 
range of the data. 
Ill 
It is logical to obtain a declining long-run marginal 
cost curve for the grain storage industry. In 1952 the firms 
were adjusting, in a long-run sense, to the declining cost 
curve. This is illustrated by Table 10, where the average 
storage capacity of the grain warehouses in Iowa increased 
from 48,000 bushels in 1948 to 249,000 in I960. 
Table 10. The number of licensed warehouses in Iowa and 
their average storage capacity as of December 1, 
for each even year from 1948 to 1960a 
Year Number licensed 
warehouses 
Average storage 
capacity (1000 bu.) 
1948 555 48 
1950 745 64 
1952 722 70 
1954 804 85 
1956 942 140 
1958 1030 202 
I960 1050 249 
aIowa State Commerce Commission. Warehouse Division. 
Annual report. Des Moines, Iowa, author. 1961. 
The long-run cost curves derived from Models 3 and 4 may 
be suspect due to the fact that the partial regression coef­
ficients of Xg and X4 variables are of doubtful statistical 
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significance (Figure 13)• If we followed a rule of omitting 
from the analysis any variable with a t ratio less than the 
critical value for a level of significance of 5 percent, Xg 
and Xjj, would be eliminated and Models 3 and 4 would become; 
(5-10) Y = bxX^ + b3X3 
It is clear, however, with the goodness of fit, as 
evidenced by the correlation coefficients and the cluster of 
the scatter of the actual observed values about the estimated 
values, these computed coefficients are the best estimates 
that the analyses yield for the true values (Figure 13). 
Furthermore, as mentioned in Chapter IV, there is a strong 
â priori reason for expecting that costs will be influenced 
by "unused capacity", Xg, and "management", X^. 
Despite the differences in the size of the derived 
parameters and in form of the Models 1 through 5» all func­
tions "account for" a substantial part of the variance in 
total annual storage costs—all correlation coefficients are 
higher than .97. In Figures 12 and 13 the actual costs, 
shown as dots, are compared with the estimated values as 
obtained from Models 1 through 5» 
Nature OL 1Qflg-rHB average cost curves 
The long-run cost in average terms was obtained by 
dividing each of the total cost functions (Models 1 through 5) 
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by the volume of storage X^: 
b,x? + bjXj + b.x. + HA 
(5-U) Y*c - 22 " — 
X1 
For all of these equations, the long-run average cost function 
is obtained by specifying particular values of X^ and speci­
fying unused capacity as 10 percent of capacity. The 
estimated long-run average cost curves as shown in Figures 14 
and 15 decline rapidly at low volume of storage, but they 
decline at a decreasing rate as storage volume is increased. 
Models 1 through 5 yield comparatively similar estimates of 
the long-run average cost functions. Estimates of the long-
run average cost at the 22,500 bushel volume were 18.4, 18.2, 
18.7, 20.5 and 1?,8 cents per bushel year for Models 1, 2, 3, 
4 and-^5, respectively (Figures 14 and 15) • As the storage 
volume increases the difference in the estimates between the 
five models increases to a maximum of J>.2 cents at the 45,000 
bushel volume. 
The differences between the five functions decline as 
volume increases above the 45,000 bushel scale. This, group 
of cost curves is more homogeneous than those obtained by 
J. F. Stollsteimer âl. when fitting similar functions to 
operating costs of feed mills.1 The better fit here can, 
^Stollsteimer fik'âl», ÛJ2* cit. 
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Figure 14. Estimates of the long-run average storage costs 
of corn in Iowa country elevators utilizing 90 
percent of storage capacity as derived from 
cost models 1, 2 and 5 
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Figure 15• Estimates of the long-run average storage costs 
of corn in Iowa country elevators utilizing 90 
percent of storage capacity as derived from 
cost models 3 and 4 
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in part, be explained by considerably less intercorrelation 
between the independent variables, especially and X2« 
Regression coefficients are notoriously unstable and unrelia­
ble under conditions of high intercorrelation, even though 
multiple correlation coefficients may be very high.1 
These curves show that the major economies of scale are 
achieved at fairly low rates of output. This may be brought 
out clearly by taking the directional derivative of the 
average cost Model 7, with respect to all variables. For 
example, assume the volume (X^) and the amount of unused 
capacity (Xg) were varied but X^ and X^ were held constant. 
Then the function to estimate the rate of change in cost 
curves of Model 5» Figure 15, as obtained from Model 7» would 
2 be: 
(5-12) D Y = ^ cos c + sin c 
c ac ô X1 d X2 
At elevators with 25,000 bushels of storage the rate of 
change in average costs, as derived from Equation 5-12, was 
.18 cents per bushel for each 1,000 bushel change in volume 
of storage; while at elevators with 500,000 bushels of storage 
the rate of change, in average costs, was only .001 cents per 
^Fox, Karl A. and Cooney, James F. Effect of intercor­
relation upon multiple correlation and regression measures. 
Washington, D. C., U. S. Dept. Agri. Agri. Mkt. Serv. 1954. 
p 
Hart, V. L. Analytic geometry and calculus. Boston, 
Heath Publishers. 1957* p. 596. 
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bushel. 
Also, long-run average cost curves were derived from 
Models 6, 7 and 8, shown in Figure 16. They were estimated 
by varying the storage capacity, utilizing 90 percent of 
capacity and assuming a complete turnover in inventory every 
two years. The management variable was held at the average 
(2 .03)o  
Models 6, 7 and 8 render a flatter average cost as is 
shown in Figure 16. As would be expected, the correlation 
coefficients of .588, .879 and .329 are not so large in these 
models as were the coefficients in the long-run total cost 
functions. Furthermore, these models render a more hetero­
geneous set of relationships with respect to the levels of 
average cost and the rates at which average cost declines 
with increases in scale. 
Of interest to the elevator operator is the rate of 
change in cost when all variables are changing. This rate 
of change is estimated by using the concept of directional 
derivative. For the Model 8 curve in Figure 16, with only 
volume (X^) variable and unused capacity (X2) variable 
changing, the rate of change is expressed by: 
d Y d Y 
(5-13) Dcïac àlÇ cos c + j-jj- sin 0 
The rate of change in average cost with respect to 
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Figure 16. Estimates of the long-run average storage cost 
of corn, as derived from cost models 6 through 8, 
in country elevators utilizing 90 percent of 
storage capacity 
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volume of storage (X^), when other variables were held 
constant, was expressed by the partial derivative of the 
function with respect to Xj as follows: 
d Xx Xx 
This equation (5-14) indicated the rate of change in per 
bushel storage costs was .28 cents at elevators storing 
25,000 bushels of grain. In other words, as the firms 
increased their storage plant from 25,000 bushel storage 
capacity to 26,000 bushels and utilized 100 percent of 
capacity, storage cost would decline .28 cents. 
Predictive capacity Vfrriaftlg 
It was stated in Chapter I above that one objective of 
this paper was to test the predictive value of the unused 
capacity variable (X2)• This evaluation will be extended in 
this section. 
In addition to visual inspection of the partial scatter 
diagrams (Figure 9) and application of the t test, a further 
method of investigating the significance of %2.l is to 
determine the increased reduction in EY^ that is due to the 
independent variable (X2). This test is accomplished in 
Table 11 where the F ratio throws light on the null hypothesis 
By2.1 = 0. The remaining sum of squares (56.8) due to Xg, 
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Table 11. Analysis of variance—testing the predictive 
ability of independent variable X2 in Model 5 
Source of variation Degrees 
of 
freedom 
Sum 
of 
squares 
Mean 
squares 
Total 39 7,099.0 
Regression of X^ and X2 2 6,864.7 
Regression X^ alone 1 6,807.9 
Regression X2 after X^ 1 56.8 56.8** 
Error 37 234.3 6.33 
after the effect of has been discounted, is highly 
significant which is another indication that there is an 
improvement in the prediction equation due to the addition of 
x2. 
PreaiGtiYS value lbs management 
One of the difficulties with the use of cross section 
data is the variability of conditions between storage firms 
of different size at any given period of time. Variations are 
possible and likely in size, type and cost of equipment. 
Variations will be present also in the quality of the 
management. The establishment of the level of management is 
also a problem in the synthetic cost method. The introduction 
of a measure of management (X^) in the study tends to have the 
effect of adjusting the firms to a comparable level of manage-
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ment. 
In Model 5 the partial regression coefficient of the 
variable was significant as indicated by the t test. The 
t value was significant at the 5 percent level. A further 
method of testing the significance of the predictive value 
of X^ is to determine the sum of squares due to X^ after the 
effect of all other independent variables. This test is 
shown in Table 12 where the F ratio indicates that the 
remaining sum of squares due to X^, after the effect of X-p 
X2 and X3 has been discounted, is highly significant. There­
fore, the null hypothesis of ^4.123 = 0 is rejected and X^ 
is considered to have significant predictive value. 
Table 12. Analysis of variance—testing the predictive 
value of the management index X4 in Model 5 
Source of variation Degrees 
of 
freedom 
Sum 
of 
squares 
Mean 
squares 
Regression of X,, Xp, Xrs 
and X^ J 
4 7,028.0 
Regression of X%, X2, X3 only 3 6,907.3 2,302.4 
Regression of Xi, after X, 
X2 and Xj * x 
t 
1 120.7 120.7** 
Error 35 71.0 2.03 
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Summary 
The statistical analysis of cross section data for the 
grain storage enterprise of Iowa country elevators reported 
here, together with the models and analysis used, illustrates 
some possibilities as well as some problems in fitting 
empirical cost functions for firms in agricultural marketing 
industries. A simple regression of cost-volume relationship 
does not provide an appropriate estimate of the long-run cost 
functions when plants of the sample operate at points other 
than optimum output. A measure of plant utilization in the 
estimating equation provides a means of adjusting the plants 
for variations in short-run output. 
The nature of the relationship between cost and the 
unused capacity variable is positive. Therefore, when 
unused capacity declines, the long-run cost curve is adjusted 
downward to the point of optimum output. In this study the 
cost curves were estimated for plants operating at 90 percent 
of capacity because storage plants operate more nearly at 
this point as evidenced in Table 6. 
It has been shown here that the five models gave 
consistent estimates for the total cost curve of grain 
storage plants. When these models were transformed into 
average cost functions, very plausible results were obtained. 
However, they were not as homogeneous as the total cost 
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estimates. 
The average cost models 6, 7 and 8 did not provide a 
consistent set of cost curves. The two extreme cost curves, 
Models 6 and 7, were approximately one standard error of 
estimate above and below the middle one, Model 8 (Figure 16). 
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VI. SUMMARY AND CONCLUSIONS 
Statistical cost analysis is a useful tool to the 
entrepreneur whether he is operating a going plant or is 
contemplating building a new one. The actual operation of a 
modern storage business requires knowledge of response of 
costs and expenses to changes in volume of operation. Fur­
thermore, with the government taking a more active part in 
establishing grain storage rates and being a major customer 
for storage services, it is important to have a more realistic 
model to define the complex of production sales and capacity 
decisions made by storage firms. Due to the paucity of data 
on factors influencing these decisions of the firm in 1948-
1957 CGC experienced difficulty in getting storage firms to 
expand storage capacity. Storage firms were reluctant to 
build storage space in this period even though there was 
apparently a wide spread between storage rates and costs of 
production of storage services. 
The analysis presented in the preceding chapters 
provides a review of the theory, models and data used in 
statistical cost analysis. It was noted that a realistic 
model defining the firm's output decision-making process 
would have to contain such elements as estimation of demand, 
calculation of target or desired storage levels, the differ­
ence between actual and storage levels, the degree at which 
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such discrepancies are planned to be eliminated, taking into 
consideration such factors as the desirability of fairly 
stable employment levels, the costs of hiring and firing of 
factors, future demand for storage by both producers, govern­
ment and the merchandising department. 
This model is more realistic in studying the complexe 
decisions of short-run and long-run operation. For the 
simpler problem of studying the cost-output relation, the 
statistical implications of this model are the same as in 
the perfectly competitive situation and the imperfect 
situation. If the output level is a function of predetermined 
variables such as past levels of storage, unused capacity and 
others, then independence of the disturbance terms in the 
storage output-determining equation (3-3) and in the cost-
output function (3-2) is required for the application of 
least squares method of estimation to the cost function. 
With the above qualification and handling, also, the 
problems of autocorrelation, least squares may be used in the 
analysis of cost-volume relation. 
Further, the paucity of statistical cost-analysis studies 
using variables unused capacity and management level was 
noted. The data for unused capacity in storage plants is 
readily available and is easily quantified. However, more 
work needs to be done in measuring and quantifying the 
management of storage firms. 
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A better approximation of the long-run total cost was 
obtained when plant capacity was incorporated in the 
function. The analysis of variance test, using the F ratio, 
indicated that the reduction in sum of squares due to the 
inclusion of the unused capacity (X2) in the estimating 
equation was highly significant. 
An increase in explained variance was obtained when 
the management variable was added to the cost-output equation. 
However, it is recognized that the management variable is 
only a measure of the supervisory function of management. 
Estimation of the long-run average cost was obtained 
by dividing each of the total cost functions (Models 1 
through 5) by the volume of corn stored. Average cost at 
first fell steeply and then flattened out, tending toward the 
constant marginal cost line as an asymptote. The cost per 
bushel as estimated by these models ranged from 17.8 cents 
to 20.5 cents when the volume averaged 22,500 bushels. At 
higher volume ranges of 180,000 bushels the per bushel-year 
storage cost was 11.6 cents to 13*2 cents. The spread between 
cost of storage as estimated by the five models was only .3 
cents, 10.7 cents for Models 2 and 3 and 11 cents for Model 5* 
The spread between annual storage cost per bushel as 
estimated by Models 6, 7 and 8 was 3*6 cents at the 22,500 
bushels volume. The spread widened in larger storage plants, 
to 4.2 cents per bushel in 600,000 bushel capacity. 
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VIII. APPENDIX 
Table 13. Volume and percent of total United States carry-over of corn stocks 
stored in country elevators and interior mills, and CGC binsites, 
average 1939-1942, average 1943-1946 and 1947-196la 
October 1 
of year 
Stored in CGC binsites Stored in country elevators 
and interior mills*» 
Total 
carry-over 
Volume 
(1000 bu.) 
Percent of 
total carry-over 
Volume 
(1000 bu.) 
Percent of 
total carry-over 
1939-42 70,505 12 601,682 
1943-46 257 .09 18,352 7 275,547 
1947 23,474 8 283,218 
1948 9,829 8 123,473 
1949 67,640 8 39,609 5 813,012 
1950 253,316 30 80,877 ' 10 844,466 
1951 314,941 43 78,654 • 11 739,518 
1952 244,603 50 52,362 11 487,121 
1953 384,400 50 45,400 6 769,137 
1954 467,837 51 74,437 8 919,681 
1955 559,724 54 129,412 13 1,034,823 
1956 599,768 51 201,468 17 1,165,465 
1957 572,821 40 311,356 22 1,419,655 
1958 6ll,6l4 42 429,568 29 1,470,494 
^United States Department of Agriculture. Agricultural Marketing Service. 
Agricultural Economics Division. Grain and feed statistics. U. S. Dept. Agri. 
Stat. Bui. No. 159: 10. 1961. 
^Data not available prior to April 1943» 
Table 13 (Continued) 
October 1 
of year 
Stored in CGC binsites Stored in country elevators 
and interior mills*» 
Total 
carry-over 
Volume 
(1000 bu.) 
Percent of 
total carry-over 
Volume 
(1000 bu.) 
Percent of 
total carry-over 
1959 564,81? 37 536,118 35 1,530,437 
I960 599,043 33 610,712 34 1,789,238 
1961° 615,423 31 663,350 39 1,997,595 
°United States Department of Agriculture. Agricultural Marketing Service. 
Grain Division. Quarterly summary and statistics. Grain Market News 4, No. 4-: 6. 
1961. 
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Table 14. Estimates, as derived with Models 1 through 5, of 
the relationship between long-run total annual 
storage cost and average monthly inventory in 40 
country elevators in Iowa operating at 90 percent 
of capacity 
Capacity Total annual cost 
Model 
(dollars) 
1 2 3 4 5 
25,000 4,132 4,098 4,202 4,609 4,006 
50,000 6,517 6,707 7,005 7,978 6,544 
75,000 8,903 9,239 10,217 10,954 9,044 
100,000 11,289 11,724 12,280 13,736 11,522 
150,000 16,060 16,597 17,260 18,916 16,428 
200,000 20,832 21,383 22,065 23,799 21,289 
300,000 30,375 30,748 31,337 32,969 30,916 
400,000 39,918 40,007 40,304 40,705 40,457 
500,000 49,461 49,115 49,058 49,795 49,933 
600,000 59,005 58,130 57,649 58,251 59,359 
Table 15» Annual storage costs per bushel, of reserve stocks of corn at Iowa 
country elevators, estimated by various Models 1 through 8, when 
storage space was utilized at 90 percent of capacity 
Average Annual costs per bushel (cents) estimated bv 
bushels 
stored 
(100 bu.) 
Model 
1 
Model 
2 
Model 
3 
Model 
4 
Model 
5 
Model 
6 
Model 
7 
Model 
8 
225 18.4 18.2 18.7 20.5 17.8 11.9 15.5 13.9 
450 14.5 14.9 15.6 17.7 14.5 9-3 13.6 11.6 
675 13.2 13.7 14.4 16.2 13.4 8.7 13.0 10.8 
900 12.5 13.0 13.6 15.3 12.8 8.4 12.7 10.4 
1,350 11.9 12.3 12.9 14.0 12.2 8.2 12.4 10.0 
1,800 11.6 11.9 12.3 13.2 11.8 8.0 12.3 9.8 
2,250 11.4 11.6 11.7 12.6 11.6 8.0 12.2 9.7 
2,700 11.3 11.4 11.6 12.2 11.4 7.9 12.1 9.6 
3,600 11.1 11.1 11.2 11.3 11.2 7-9 12.0 9.5 
4,500 11.0 10.9 10.9 11.1 11.1 7.8 12.0 9.6 
5,400 10.9 10.7 10.7 10.8 11.0 7-8 12.0 9.5 
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